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Abstract. We compute the fundamental groups of the comple- 
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conies which are tangent to each other at two points, with an ar- 
bitrary number of tangent lines to both conies. All the resulting 
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1. Introduction 

Line arrangements as simply as they are, carry many open ques- 
tions around them (including topological and combinatorial questions), 
which are slowly solved. In this paper, we go up to conic-line arrange- 
ments, where the parallel questions about them are even less under- 
stood. 

We prove here a general theorem on the fundamental group's struc- 
ture of complements of families of conic-line arrangements. The only 
known results so far in this direction are [I] and [5]. 

In general, the fundamental group of complements of plane curves 
is an important topological invariant with many different applications. 
Unfortunately, it is hard to compute. 
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This invariant was used by Chisini [8], Kulikov [13] and Kulikov- 
Teicher [14] in order to distinguish between different connected com- 
ponents of the moduli space of surfaces of general type. 

Moreover, Zariski-Lefschetz hyperplane section theorem (see [T5] ) 
stated that 

Tn(¥ N -S) ^Tn(H-HnS), 

where S is an hypersurface and if is a generic 2-plane. Since H R S is a 
plane curve, we can compute 7r 1 (P 7V — S) in an easier way, by computing 
the fundamental group of the complement of a plane curve. 

A different direction for the need of fundamental groups' computa- 
tions is for getting more examples of Zariski pairs ([2E],[2Z])- A pair 
of plane curves is called a Zariski pair if the two curves have the same 
combinatorics (i.e. the same singular points and the same arrangement 
of irreducible components), but their complements are not homeomor- 
phic. Some examples of Zariski pairs can be found at [6], [TJ, [9], [TO] . 
[UJ, [22], [22] and [21]. 

Let T n m be the family of real conic-line arrangements in CP 2 with 
up to two conies, which are tangent to each other at two points, and 
with an arbitrary number of tangent lines to each one of the conies. 
The main result of this paper is the computation of the fundamental 
group vr^CP 2 -^): 

Theorem 1.1. Let Qi, Q 2 be two tangent conies in CP 2 and let {L,}" =1 
and {Lj}™^ be n and m lines which are tangent to Q 2 and Q\ respec- 
tively, see Figure^ Denote: 

n m 

T n , m = g 1 ug 2 u(|jL 4 )u(|jL;.). 

1=1 j=i 

Then the fundamental group 7Ti(CP 2 —T n ^ m ) is generated by the gen- 
erators £2 (related to Q\), £5 (related to Q 2 ), xq, . . . ,x„+4 (related to 
L 2 , . . . , L n ), x n+5 , x n+m+A (related to L\, . . . , L' m ). This group ad- 
mits the following relations: 

(1) X n+5 X 5 x n+5 = X n+& ' ' ' X n+m+4: ' X 5 ' x n+m+4 ' ' ' x n+6 

(2) (x 2 Xi) 2 = (xiX 2 ) 2 , where i — 5, 6, . . . , n + 4 

(3) (x 5 Xi) 2 = (xiX$) 2 , where n + 5<i<n + m + A 
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L 'i L 'i 



FIGURE 1. The arrangement T n m 

(4) [xi, Xj] = e, where 6 < % < n + 4 and j = 5, n + 5, . . . , n + m + 4 

(5) [xi, X2X5X2 1 ], where 6 < i < n + 4 

(6) [x 2 1 XjX2, Xj] = e, where 6<i<j<n + A 

(7) [X2, = e, where n + 6<i<n + m + A 

(8) [x 5 x 2 x^ , Xi] = e, where n + h<i<n + m + A 

(9) [x n+5 , x^ = e, where i = 2,n + 6,...,n + m + 4: 
(10) [#5 1 XjX 5 , Xj] = e, where n + Q<i<j<n + m + A. 

We exclude here the case where at least one line is tangent to both 
conies (in their tangency point). 

These arrangements may appear as a branch curve of a generic pro- 
jection to CP 2 of a surface of general type (see for example [12]). 

A group is called big if it contains a subgroup, generated by two or 
more generators, which is free. By the above computations, we have 
the following corollary: 

Corollary 1.2. The fundamental group 7Ti(CP 2 — T nm ) is big. 

Algorithmically, this paper uses local computations (local braid mon- 
odromies and their induced relations, see also [1]), braid monodromy 
techniques of Moishezon-Teicher (see [II], [16], PH, P2], PU and [20]), 
the van Kampen Theorem (see [23]) and some group simplifications and 
calculations for studying the fundamental groups (see also [2] and [3]). 
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Note that the new tool we are using in this paper is to construct the 
BMF of the general curve in an inductive way. 

The paper is organized as follows. Section [2] deals with the funda- 
mental group of a family of curves consisting of a conic and n tangent 
lines. In Section El we deal with the fundamental group of a family of 
curves consisting of two tangent conies and n tangent lines to one of 
the conies. In Section HJ we compute the most general case, where we 
have two tangent conies and two sets of lines, each of which is tangent 
to one of the conies. 

In each section, we start with the computation of the braid mon- 
odromy of the curves by Moishezon-Teicher techniques and then we 
compute the simplified presentation of the fundamental groups by the 
van Kampen Theorem and group theoretic calculations. 

2. The fundamental group of the complement of a conic 

with n TANGENT lines 

In this section, we compute the fundamental group of the comple- 
ment of a conic and n tangent lines. We start by illustrating the cases 
of one and two lines which are tangent to a conic, and then we present 
the computation of the general case of a conic and n tangent lines. 

Note that this family of conic-line arrangements was already com- 
puted in [5] too (the family is denoted there by A*). Although the 
presentations given here are different from those appeared in [5] , it can 
be easily shown that the two presentations yield isomorphic groups. 

We recompute their presentations here (by different methods) for the 
sake of completeness of presentations of conic-line arrangements with 
up to two tangent conies. One more reason for this is that it illustrates 
the method of computing the braid monodromy factoriazations in an 
inductive way, as we will do in the case of two tangent conies and any 
number of tangent lines. 

In the first subsection, we present the braid monodromy factoriza- 
tions of this type of curves and in the next subsection, we compute the 
corresponding fundamental groups. 
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2.1. Braid monodromy factorizations. Here we compute the braid 
monodromy factorizations (BMFs, see [14]) which correspond to a conic 
with an arbitrary number of lines tangent to it. We start with some 
notations. 

Notation 2.1. Let Zij (resp. z^) be a path below (resp. above) the 
axis, which connects points i and j . We denote by (resp. Z^) the 
counterclockwise half-twist of i and j along (resp. z~ij). 

We denote Zf^, = Z%, • Z% and Z%^ = Z^,, ■ Z; jy . 

Conjugation of braids is denoted by a b = b~ x ah. 

Example 2.2. The path in Figure\^(a) is constructed as follows: take 

a path Z34 and conjugate it by the full-twist Zf 3 . Its corresponding half- 
z 2 

twist is Z z l ? ' . The path in Figure\B(b) is constructed as follows: take 

again z 34 and conjugate it first by Z% 3 and then by Zf 3 . It corresponding 

z 2 z 2 

half-twist is Z 3 £ 3 13 . 




Figure 2. Examples of conjugated braids 

Here, we start the computation of the BMFs. 

Lemma 2.3. Let Q be a conic in CP 2 and let L be a line which is 
tangent to Q (see Figure^). Let C\ = Q U L. 




Figure 3. The arrangement C\ 
Then its BMF is A 2 Ci = F 1 ■ (Z 1V ) Z ^, where F x = Z 1V ■ (Zf 2 ) z ii> . 
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Proof. The computation of the BMF is done in a local model as follows: 
we start the computation by taking a typical fiber and enumerate the 
points of the curve in this fiber from 1 to n (n is the degree of the given 
curve). At this stage, we classify the singularities according to their 
types, and we summarize it in a table: 



1 


Pi 


1 


AI/ 2 (1) 


2 


(2,3) 


4 


A2(2,3) 


3 


(1,2) 


1 


a| r (i) 



The second column contains the Lefschetz pairs corresponding to 
the singularities. In the third column, we indicate the types of the 
singularities, and in the last column we have the corresponding local 
diffeomorphisms of the singularities (see [5]). 

In the next step, we apply the braid monodromy technique of Moishe- 
zon-Teicher [18] (see also p] and [3j). In Figure HI we show the skeletons 
of the braids, obtained by the technique. Note that we skip some steps 
in the braid monodromy's computation. Note also that at the end of 
the computation, we enumerate again the points in the fiber according 
to the global settings (for example, the two points of a conic are denoted 
by i and i'). 




Figure 4. The braid monodromy related to C\ 

The first braid is Z\y, the second one is (Zf 2 ) z ^' and the third one 
is (Zn>) i'a , and hence the braid monodromy factorization is as stated. 
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Lemma 2.4. Let Q be a conic in CP 2 and let L\, L 2 be two lines which 
are tangent to Q (see Figure^ . Let C 2 = Q U L\ U L 2 . 




Figure 5. The arrangement C 2 

Then its BMF is A 2 C2 = F 1 ■ F 2 ■ (Z iv ) z i'l z i'l , where F 1 = Z IV ■ 
(Zf 2 ) z n> and F 2 = (Z 2 23 ) z2 v ■ Zj 3 . 

Proof. The table for computing the braid monodromy is: 



1 


Pi 


1 


AI/ 2 (1) 


2 


(2,3) 


4 


A 2 (2,3) 


3 


(3,4) 


2 


A<3,4) 


4 


(2,3) 


4 


A 2 (2,3) 


5 


(1,2) 


1 


a| r (i) 



In a similar way as in the previous lemma, we get the skeletons for 
the braid monodromies presented in Figure EJ 

■ 

Theorem 2.5. Let Q be a conic in CP 2 and let L\, . . . , L n be n lines 
which are tangent to Q. Let C n = Q U [X=i ^ (see Figure^. 
Then its BMF is: 

n z a 

A 2 Cn =F 1 -F 2 ---F, r (Z u ,y->+i , 

where: 

F 1 = Z xv ■ {Zt 2 ) z ^> 

and 

i 

= U(Zl i+1 ) z ^ ■ Zl +l , 2<i<n. 

k=2 
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2 3 4 1 1' 2 3 



5) 




Figure 6. The braid monodromy related to C2 




Figure 7. The arrangement C n 

Proof. We prove it by induction. The cases n — 1, 2 have been proved 
in the previous lemmas. 

Assume that Aq is as given above. We will show that: 

n 33 

A c„« =F 1 -F 2 ---F n -F n+1 -(Z 11 ,y^ . 
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The sub-factorization F\ ■ F 2 - ■ ■ F n appears in j srnce by the 

structure of the configuration, the additional line L n+ i is located to the 
left of the rest of the lines L 1; . . . , L n . 

Note that by induction, adding the line L n+ i, causes no change in 
the factors i^s, I < i < n. This is due to the appearance of this line 
on the left side of L\, . . . , L n . 

Now we explain the term: 

n+l 

k=2 

The first part Y[(^k,n+2)^ lk * s the product of braids which correspond 
to the intersection points of L n+ i with the other lines L 1; . . . , L n . Now, 
Zf n+2 is the braid which corresponds to the tangency point of the line 
L n+ i and the conic Q. 

We still have to explain the conjugated element. We have: 

z~ 2 

j-r2 & — 2 

where (Ziy) " +1 11 •* appears in A 2 ^. Due to the addition of the line 
L n+ i, we have to conjugate this braid by the braid Zy 2 n+2 . ■ 

2.2. The corresponding fundamental groups. Based on the BMFs 
we computed in the previous subsection, we now compute the funda- 
mental groups of the affine and projective complements of the curve 
C n . 

Lemma 2.6. Let C\ be as in Lemma \2. 51 (see Figure^. 
Then we have: 

tt^C 2 - d) = Z 2 ; vr^CP 2 -d) = Z. 

Proof. By applying the van Kampen Theorem [25] on Aq (computed 
in Lemma 12731 . we get the following presentation for 7Ti(C 2 — C\): 
Generators: {x\ , Xy , x 2 } 
Relations: 

(1) Xi = Xy 

(2) (xyX 1 Xy 1 X 2 ) 2 = (x 2 XyX 1 Xy 1 ) 2 

(3) X\ = X v 1 X 2 1 XyX 2 Xy 
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By Relation (1), the generator xy is redundant, and by Relations 
(1) and (3), we get x\x% = x 2 x\. Hence, we have: 

7Ti(C 2 — C\) = (xi,X2 | X1X2 = X2X1) = 1? . 

Adding the projective relation x 2 xyXi = e, we easily get: 

7n(CP 2 -Ci) = Z. 



Lemma 2.7. Let C2 be as in Lemma \2.4\ (see Figure^. 
Then: 



7Ti(C - C 2 ) = ( X U X 2 ,X 3 



(xix 2 ) 2 = (x 2 x 1 ) 2 
(xix 3 ) 2 = (x 3 Xi) 2 



e 



[X 3 ,X 1 l X 2 Xy) = [x 3 X 2 ,Xy] 

where [a,b] = aba~ 1 b~ 1 is the commutator element of a and b, and 

7n(CP 2 - C 2 ) (Xl, X 2 I (X!X 2 ) 2 = {x 2 X 1 ) 2 ), 

where the generator x\ corresponds to the conic and the generators 
X2,x 3 correspond to the lines. 

Proof. By applying the van Kampen Theorem on Aq (computed in 
Lemma 12.41) . we get the following presentation for 7Ti(C 2 — C 2 ): 
Generators: {x%, Xy, x 2 , x 3 } 
Relations: 

(1) Xi = Xy 

(2) (xyX 1 X^ 1 X 2 ) 2 = (x 2 XyX 1 X^, 1 ) 2 

(3) [x 3 ,X 2 XyXiXy X 2 XyXi Xy X^ 1 ] =C 

(4) (x 2 xyxiXy x 2 x x 3 ) 2 = (x 3 x 2 xyXiXy 1 x 2 1 ) 2 

(5) Xi = X^X^X^ l XyX 3 X 2 Xy 

By Relation (1), the generator xy is redundant. So we get: 
Generators: {xi,X2,x 3 } 
Relations: 

(1) {xix 2 ) 2 = {x 2 x 1 ) 2 

(2) [x 3 , x 2 x 1 x 2 x 1 1 x 2 1 ] = e 

(3) (x 2 x 1 x 2 1 x 3 ) 2 = (x 3 x 2 xia; 2 _1 ) 2 

(4) Xi = x 2 ~ 1 x 3 ~ 1 xix 3 X2 
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By Relation (1), Relation (2) is simplified to [ Re- 
lation (4) is rewritten as [xi,x 3 x 2 ] = e. We treat now Relation (3): 

X2X1X2 X 3 = X3X2X1X2 X^X2X\X2 • 

By the relation [x 3 , x l ~ 1 X2X\] = e, it can be written as: 

X2XiX 2 ~ 1 XiX 3 X 3 = XiX 3 XiX 3 . 

By Relation (4), x 2 XiX 2 = x 3 x i x 3- So, we get (xi£ 3 ) 2 = (x 3 £i) 2 . 

The addition of the projective relation x$x 2 XyXi = e enables us to 
omit the generator x 3 = x^ 2 x 2 . By substituting x 3 in any place it 
appears, we get the needed presentation for 7Ti(CP 2 — C 2 ). ■ 

Now, we compute the presentation for the general case. 

Proposition 2.8. Let Q be a conic in CP 2 and let Li (1 < % < n) be 

n lines which are tangent to Q (see Figure^. Let C n = Q U UILi Li- 
Then: 



7Ti(C 2 -C7 n ) = (x 1 ,x 2 ,..., X n+ i 



and 



7Ti(CP 2 -C n ) = ( Xx, x 2 , ■ ■ ■ , x n+1 



(xiXi) 2 = (xiX±) 2 , 2 < i < n + 1 
[xj, x^XiXi] — e, 2<i<j<n + l 
[x n+ i ■ ■ ■x 3 x 2 ,xi) = e 



(xiXi) 2 = (xjXi) 2 , 2 < i < n + 1 

[xj, x^XiXi] = e, 2<i<j<n + l 

2 

^n+l ' ' ' X 3 X 2 X^ — e 



where x\ is a generator which corresponds to the conic and X2, ■ ■ ■ , x n+ \ 
are generators which correspond to the n lines. 

Proof. In this case, the set of generators for the presentation of the fun- 
damental group is {xi, Xi',x 2 , ■ ■ ■ , x n+ i}. By applying the van Kampen 
Theorem on the braid monodromy computed in Theorem 12.51 we get 
three types of relations: 

(1) From the branch points, we get X\ = X\> and 

X\ — Xy X2 X^ ' ' ' X n ^_-^X~L' Xyi^-\ ' ' ' X 3 X2X\ . 
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(2) From the nodal points, we get the following set of relations: 

\Xj^ Xj — \Xj—2 ' ' ' X\'X\Xy X<2 ' ' ' X^_-^XiXi—\ ' ■ ■ X 2 X\iX^ Xy • ■ • Xj l] — ^' 

where 2 < i < j < n + 1. 

(3) From the tangency points, we get: 

(x 1 x 2 1 x^ 1 ■ --x^XiXi-i ■ ■■x 3 x 2 ) 2 = (x^x^ 1 ■ ■ -x^XiXi-i ■ --x^xi) 2 , 

where 2 < % < n + 1. 

By the relations of the first type (from the branch points), xy is 
redundant, and we have: [x n+i ■ ■ ■ x 3 x 2 , x±\ = e. 

Now, we simplify the relations of types (2) and (3). In type (3), 
we get for i = 2: (X1X2) 2 = (a^rci) 2 . In type (2), for i = 2 and 
j = 3, we get: [x 3: X2Xix 2 Xi 1 x 2 ~ 1 ] = e. By (xix 2 ) 2 = (X2X1) 2 , it is 
[x 3 , x^ 1 x 2 xi] = e. 

Returning again to type (3), for i = 3, we have: (x 1 x 2 1 x 3 x 2 ) 2 = 
(x2 1 x 3 x 2 x 1 ) 2 , which is: 

(X\X 2 1 X 3 X 2 )(xiX2 1 X 3 X 2 ) = (X2 1 X 3 X2X 1 )(X 2 ~ 1 X 3 X2X 1 ). 

Since (xix 2 ) 2 = (x 2 Xi) 2 , we have 

X\X 2 X X 3 X^ X X^ X X\X2X\X 3 X2 = X^ 1 X^^ 1 X^ 1 XiX 2 XiX 3 X 2 Xi, 

and by [x 3 , x^ 1 x 2 x 1 ] = e, we get: 

XiX 2 1 X± 1 X 2 X X\X 3 X2X\X 3 X2 = X^ 1 X~{ 1 X 2 ^ X\X 3 X 2 X\X 3 X 2 X\ . 

This relation is simplified to (by (xiX 2 ) 2 = (rc 2 :ri) 2 ): 

XiX 3 X 2 XiX 3 X 2 = X 3 X 2 XiX 3 X 2 Xi. 

This relation is: 

X\X 3 X 2 XiX 3 = X 3 X 2 XiX 3 X 2 XiX 2 l . 

Using (xiX 2 ) 2 = (a^i) 2 , we have: 

XiX 3 X2X\X 3 = X 3 X2XiX 3 Xi 1 X 2 ~ 1 XiX 2 Xi. 

Now we add xix^ 1 = e: 

X\X 3 (xiX± 1 )x2XiX 3 = X 3 X2XiX 3 X^[ 1 X 2 X X1X2X1. 
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Since [x 3 , Xi 1 x 2 xi\ = e, 

XiX 3 XiX 3 Xi 1 X 2 Xi = X 3 X2XiX^ 1 X2 1 XiX 3 X 2 Xi. 

And we get (xiX 3 ) 2 = (x 3 Xi) 2 . 

Now we return again to type (2), for % = 2 and j = 4, we have: 
[X4, x 3 x 2 XiX 2 x^ 1 x 2 ~ 1 x^ 1 ] = e. By (X1X2) 2 = (X2X1) 2 , it is: [xi 1 x 3 x^ 1 X2X\x' z 1 } = 
e, which is simplified to: [x^, Xi 1 x 2 Xi\ = e, by using [x 3 , x^a^i] = e. 

Now, for i = 3 and j = 4, we have: [#4, X3X2X1X2 1 x 3 X2Xi 1 x 2 ~ 1 x 3 1 \ = 
e. By (xix 2 ) 2 = (x 2 Xi) 2 , we rewrite it as: 

[x^X 3 Xi 1 X2 1 XiX2X\X 3 Xi 1 X 2 1 X^ 1 X2XiX^ 1 ] = 6, 

which is (by [x 3 , x^ 1 x 2 x 1 \ = e): 

[x4,Xi 1 X2 1 XiX 3 X2XiX 3 Xi 1 X2 1 X^ 1 X^ 1 X2Xi] = C 

Now, by [x 4 , x^ 1 x 2 x 1 ] = e: 

[x 4 , x 3 x 2 XiX 3 x^ 1 X2 1 x 3 1 ] = e. 

By [x 3 , x^ 1 x 2 Xi\ = e, we get: [xi,x 3 X\X 3 x1 l x 3 l ] = e and by (xix 3 ) 2 = 
(x 3 xi) 2 , we get [x^x^x&i] = e. 
In the same way, we get the following sets of relations: 

(1) [xj, x^XiXi] = e, where 2<i<j<n + l 
and 

(2) (xiXi) 2 = (xiXi) 2 where 2 < % < n + 1, 
as required. 

Adding the projective relation x n+ ix n • ■ ■ x 2 x\ = e, the relation 

[x n+l ■ ■■x 3 x 2 ,x 1 ] = e 



is redundant, so we get the needed presentation for the projective case 
too. ■ 
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2.3. The groups are big. Following the results of the previous sub- 
sections, we have: 

Corollary 2.9. The affine and projective fundamental groups of a 
conic-line arrangement, composed of one conic and at least two tan- 
gent lines, are big. 

We have already proved a similar corollary in p] , and for the sake of 
completeness, we recall its proof shortly here. 

Proof. Observe that if a group has a big quotient, then the group itself 
is big. 

Denote G = tti(CP 2 - C 2 ) = (a, b \ (ab) 2 = (ba) 2 ). We show that G 
is big. We start by taking the quotient by the relation (ab) 2 = e. Then 
we get the group (a, b \ (ab) 2 = (ba) 2 = e). 

Let us take new generators x = ab,y = b, then the relation (ab) 2 = 
(ba) 2 = e becomes: x 2 = (yxy~ x ) 2 = e, which is equal to: x 2 = 
yx 2 y~ l = e. Hence, we have: 

(a, b | (ab) 2 = (ba) 2 = e) = (x, y | x 2 = e) ^ Z * Z/2, 

where * is the free product. 

Now, the quotient of Gj (x 2 = e) by the subgroup generated by y 3 
is Z/2 * Z/3, which is known to be big. By the observation, G = 
7i l (C¥ 2 -C 2 ) is big too. 

Since Ci is a sub-arrangement of C n , n > 2, the group G = 7ri(CP 2 — 
C2) is a quotient of the group 7Ti(CP 2 — C n ) (by sending the generators 
which correspond to the additional lines to e). Now, since G is big, the 
above groups are big as well. 

The above proof shows that the projective fundamental group of 
C n , n > 2, is big. Since the projective fundamental group is a quo- 
tient of the affine fundamental group (by the projective relation), the 
corresponding affine fundamental groups are also big, again by the ob- 
servation, as needed. ■ 
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3. The fundamental group of the complement of two 
tangent conics with n tangent lines to the same conic 

In this section, we compute the fundamental group of the projective 
complement of a curve composed of two tangent conies and n additional 
lines, which are tangent to the same conic. 

As before, in the first subsection, we present the BMF of this type 
of curves and in the second subsection, we compute the corresponding 
fundamental groups. 

3.1. The braid monodromy factorizations. Let T„o be a conic- 
line arrangement, composed of two tangent conies (which are tangent 
to each other at two points), and with n additional lines (which are 
tangent to the same conic). 

We start with the arrangements T^q, T^o and T2$. Their fundamen- 
tal groups have been already computed in pQ. 

We give here their BMFs: 

Lemma 3.1. Let T 0j o be a conic arrangement composed of two conies 
which are tangent at two points (see Figure^- 



Lemma 3.2. Let T^o be a conic-line arrangement composed of two 
conies which are tangent at two points, and a line which is tangent to 
one of the conies (see Figure^). 




Figure 8. The arrangement Tq q 



The BMF ofT 0fi is: 
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Figure 9. The arrangement T^o 
Then its BMF is: 



A 



2 - Z, 5 ■ Z\ 2 ■ Z\ h ■ (2&)^ ■ (Z 23 ] 



Ti,o 



23 J 



7 -Z yi 



'Af^.z^.^r^. 



Lemma 3.3. Let T 2 $ be a conic-line arrangement composed of two 
conies which are tangent at two points, and two lines which are tangent 
to the same conic (see Figure Wty) . 

Qi 




Figure 10. The arrangement T 2 o 
Then its BMF is: 

A^ o = Z\ z ■ Z 56 ■ Zi 6 ■ Zi 3 ■ (Z U ) Z ^ ■ (Z u f^s . zi 5 . (Z^ ■ 

{Z\ 2 ) z ™ z ™ ■ Zf 6 ■ (Z 56 ) z ^ z ^ z ™ ■ {Z\^ Z ^Z\ Z . 

Now, let us consider the conic-line arrangement T n ,o, which is com- 
posed of two tangent conies (which are tangent to each other at two 
points) and n lines which are tangent to the same conic. 
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Figure 11. The arrangement T n q 

Proposition 3.4. Let Qi,Q2 be two tangent conies in CP 2 (which 
are tangent to each other at two points) and let L%, . . . , L n be n lines 
tangent to Q2 (see FigureUll) . Denote 

n 

T nfi = Q l UQ 2 u{jL i . 



i=l 



Then its BMF is: 



A 



7 „ „ . ( 7, A Z n-l,n Z n + l,n+3 . (7 \ Z n-l,n Z n+l,n + 2 . 

y <yA yA I yA \ Z n-i,n y4 

' Zj n+2,n+3 ' ^n+l,n+3 ' Z/ n+l,n+2 ' \ Zj n-l,n+3} ' Zj n+2,n+4 

n—2 n—2 n—2 



72 

J i,n+i 



i=l 



8=1 



i=l 



n « 



n-2 n-2 



2 \Z 2 ,„ 
1,3 > 



l<i<j<n-2 



i=l 



i=l 



I y2 \ Z n-l,n y2 ( y2 \ Z n-l,n Z n+3,n+A 

\ Zj n,n+4) ' ^71+1,71+4 ' \ A 'n—l,n+ij 

The skeletons of the braids Z n+2 , n+3 , Z\ n+A , Z\ w Z? n+1 and Z% +hn+4 
appear in Figure {TT 



18 



MEIRAV AMRAM, DAVID GARBER AND MINA TEICHER 



J n+2,n+3 





n+4 



J i,n+1 




n+1 n+2 



+ 1 n+2 



n+3 



n+3 



n+4 



n+4 



J n+1, n+4 



n-2 n-1 n n+1 




Figure 12. Skeletons for some braids appearing in the 
BMF of T n n 



Before the proof, we have the following remark. 

Remark 3.5. The order of the factors in a BMF A 2 is fixed according 
to the order of the locations of the singularities in the curve (see [20\). 
Since our goal is to compute fundamental groups, the order of the fac- 
tors is irrelevant. Hence, we list here the monodromy factors without 
preserving their original order (we join together sets of monodromies 
of the same type), and concentrate on finding the relations in the group 
by applying the van Kampen Theorem on the monodromies (a similar 
convention was also applied in [2], since we were also interested in the 
presentation and not in the actual order in the factorization) . 



Proof of Proposition 3.4 The first four factors in A|> correspond to 
the four branch points in the arrangement. 

The next five factors correspond to the tangent points in the arrange- 
ment (two of them correspond to the tangency points between the two 
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conies, and the others correspond to the tangency points between one 
of the conies and the lines). 

The last nine factors correspond to the intersections of the lines with 
the second conic, and between the lines themselves. ■ 

3.2. The corresponding fundamental groups. In this section, we 
compute the projective fundamental groups 7Ti(CP 2 — T n ,o), using the 
BMFs we computed in the previous section (as in [1]). The fundamental 
groups of the complements of T 0j o, Ti i0 and T 2i o have been computed 
in pQ (Propositions 1.1, 1.2, 1.3), therefore we quote here the results. 

Proposition 3.6. Let T 0) o be the curve defined in Lemma \3.1\ (see 
Figure^. Then: 

7n(CP 2 - T 0i o) = (xx, x 2 | (xix 2 ) 2 = (x 2 xx) 2 = e) ^ Z * Z/2. 



Proposition 3.7. Let Ti )0 be the curve defined in Lemma \3.2\ (see 
Figure^). Then: 

7n(CP 2 -Ti, ) = {xi,x 2 I (xix 2 ) 2 = {x 2Xl ) 2 ). 



Proposition 3.8. Let T 2j o be the curve defined in Lemma \3.3\ (see 
Figure ITU) . Then: 

xx, x 2 , x 3 (x 2 x 3 ) 2 = (x 3 x 2 ) 2 , (xxx 3 ) 2 = (x 3 a;i) 2 , 
[xx, x 2 ) = [x 2 ,x 3 xi2;3 1 ] = e 



TT^CP 2 -^^) 



Now we proceed to the general case: 

Theorem 3.9. Let Qx,Q 2 be two tangent conies in CP 2 (which are 
tangent to each other at two points) and let L 1; . . . , L n ben lines tangent 
to Q 2 (see Figure Ul]) . Denote 

n 

T nfi = Q 1 UQ 2 u{jL i , 



as in Proposition 3.4 Then 



-T n ,o) • 



Xi, . 



i=l 



(x n x n+2 ) 2 = (x n+2 x n ) 2 

(XiX n+2 ) 2 = (x n + 2 Xi) 2 , 



1 < i < n- 1 
1 < i < n- 1 
1 < i < j < n - 1 
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The generators x±, . . . , x n -i correspond to the lines, and the genera- 
tors x n and x n+2 correspond to the two conies. 

Proof. Applying the van Kampen Theorem on &% nQ (computed in 

Proposition I3.4p . we get the following presentation for 7ri(CP 2 — T ni0 ): 

Generators: {xi,x 2 , ■ ■ ■ , x n+4: } 

Relations: 

(1) X n+2 = X„+3 

(2) x n x n —\x n x n _-^x n — x n j^^x n ^.\x n j^^ 

(3) X n X n — i X n X n _ j X n — X n j^-^ X n ^_2 Xn + l -^n+2^n+l 

(4) X n + 3 = X^ X2 ' ' ' X n _2 XnX n _ j X n X n j^QX n J r 4.X r iJ r 3X n -l r 2X n _^QX n j^_^X n J r 3XriX n — \X n X n — 

(5) (Xn + lXn+s) 2 = (x n+ 3Xn + l) 2 

(6) (x n + lX n + 2) 2 = (x„ + 2X„ + l) 2 

(7) (Xn,Xn—lX n X n -\-%} 2 = { y X rL -\-3X rt X n — \X n ) 2 

(8) (x n+2 x n+4 ) 2 = (x n+4 x n+2 ) 2 

(9) (xiX n+ 3) 2 = (x n+ 3Xi) 2 , where 1 < i < n - 2 

(10) [xi, Xn+sXnXn-ix^ 1 x~]_ 3 ] = e, where 1 < i < n - 2 

(11) [x~]_ 3 x n+ 4,x n+ 3,x~\x n x n -ix n -2 ■ ■ ■ Xi+iXiX^ ■ ■ ■ x~^ 2 x~^_ 1 Xn 1 x n - 1 ] = e, where 
1 < i < n - 2 

(12) [xi, x n +3XjX~^_ s ] = e, where \ <i<j<n — 2 

(13) [x n ,x n -2 ■ ■ ■ Xi+xXiX'^ ■ ■ ■ x~^_ 2 ] = e where 1 < i < n — 2. 

(14) [z„x~^ 1 x^ 1 x n+ ix„z„_ix^ 1 ,a; n _2 ■ ■ ■ Xi+iXiX"^ ■ ■ ■ x~* 2 ] = e, where 1 < i < n — 2 

(15) [xn-i, x„] = e 

(16) \XnX n — X X n X n _ ^ X n , X n _^_-^X n _^_ 2 X n _^_^X n J r4 X n J r 3X n J r 2 £ n _|_l] — 6 

(17) [x n +i , X n ^_2X n _i_ 4 X n ^2 x n+4X n +2X n +4X n +2] — e 

(18) [XnXn-XX^ 1 ,x~^ 3 x n+4 x n + 3 ] = e 

(19) x n+ 4,x n +-iX n +2X n +\x n ■ ■ ■ x\ = e (Projective relation). 

By Relation (1), the generator x n+ 3 can be omitted, and we replace 

it with x n+ 2 in any place it appears. Moreover, using Relation (15), we 

can simplify many relations, and we get the following presentation. 

Generators: {xi, . . . , x n+2 , x n+4 } 

Relations: 

(1) X„ = X n+ 2X n+ -iX~^_2 
(2) 

(3) Xn-\-2 — X^ X2 ' ' ' •^n — 2'^n \X n ^_2Xn-\-4X n -^-2X n ^_^X n -\-2Xn — 1 X n — 2 ' ' " X2X\ 

(4) (x n + lX n + 2) 2 = (x n + 2Xn + l) 2 

(5) (l„-lI„ +2 ) 2 = (x n + 2 X n _i) 2 

(6) (x n+2 x n+4 ) 2 = (x n+4 x n+2 ) 2 

(7) (xiX n+ 2) 2 = (x n+ 2Xi) 2 , where 1 < i < n - 2 

(8) [x„,-i, x n ] = e 

(9) [xi,x n+ 2X n -ix~^ 2 \ = e, where 1 < i < n - 2 

(10) [x~]_2X n+4 x n+ 2,x n x n -2 ■ ■ ■ Xi+xXix'^ ■ ■ ■ x~_ 2 Xn ] = e, where 1 < i < n - 2 

(11) [xi,x n +2XjX~^_2\ — e > where l<i<j<n — 2 

(12) [x n ,x n -2 ■ ■ ■ Xi+iXiX^i ■ ■ ■ x~^_ 2 ] = e, where 1 < i < n - 2 



FUNDAMENTAL GROUPS OF TANGENT CONICS AND TANGENT LINES 21 



(13) [x n \x n +ix n -i, x n -i ■ ■ ■ x i+1 x i x i ^ 1 ■ ■ ■ x n ^_ 2 ] = e, where 1 < i < n - 2 

(14) lx n ,X~l 1 X~l 2 X n+ 4xl +2 X n +l]=e 

(15) [x n + l , X n j^2X n j^^X n j^2Xn+& x ri-\-2 x ri-\-A x n + 2\ — e 

(16) [x n -l, X^ 2 X n+ 4X n + 2 ] = e 

(17) 

By Relation (6), Relation (15) is simplified to [x n+ i, x n+ ^] = e. We 
combine Relations (4)-(7) together, and Relations (9) and (11) to- 
gether. So, we get the following set of relations: 

(i) 

(2) x n 



(3) X n +2 = $1 x 2 ■ ■ ■ x n _ 2 x n _ 1 x n+2 x n +4X n +2X n+4 x n +2X 
2 



-lXn-2 ■ ■ ■ X2X1 



(4) 
(5) 
(6) 
(7) 
(8) 
(9) 
(10) 

(11) 
(12) 



XiX n+2 ) 
Xji— \ , X 



n J 



(x n + 2 Xi) 2 , where i = 1, . . . , n — 1, n + 1, n + 4 

e 



x „+2 x "+^ x n+2,x„x n ^ 2 ■ ■ ■ x i+1 x i x i ^ l ■ ■ ■ x n \ 2 x n x \ = e, where 1 < i < n - 2 
Xi, x n +2XjX~ +2 ] = e, where l<i<j<n — 1 
x n ,x n -2 ■ ■ ■ Xi+iXixT^ ■ ■ ■ x~_ 2 ] = e, where 1 < i < n - 2 



x„ 



-lXn — l j X n — 2 ' 



-1 



-1-2 2 
Xn > X n+l X n+2 Xn + 4X n+2 Xn + 1 



i + l x i x i+\ ' 

e 



■ x 



n-2] 



e, where 1 < i < n ■ 



(13) Xn-\-4X n ^_ 2 X n -\-\X 



e 

x\ = e. 



We treat Relations (8). For i = n—2, we get [x n , x n - 2 \ = e. Then, for 
i = n — 3, we get [x„, x n _2X n _3X~l 2 ] = e. By the relation x„_ 2 ] = e, 
we can simplify it to [x n , x„_ 3 ] = e. If we continue in a decreasing order 
of the indices i — n — 4, . . . , 1, we get: Xj\ = e for 1 < i < n — 2. 
Now we can combine this set with Relation (5). 

In a similar way, we can simplify Relations (9) to get for 1 < i < n—2: 



[ X n-l X n 



+lXn— 1 ■> Xi 



e. 



This simplification gives us the following list of relations: 



(1) x„ 



■ X n +2X n +lX n _^ 2 



(2) X n — X n ^-^X n j^ 2 X ri J r \Xr n J r2 X ri -i r \ 



X^ Xrj ■ ■ ■ X ^ _ X^ _ ^ X n ^ 2 X n J r 4X n J r2 X n _ j ^^X 7l J r2 X n — 1 X n — 2 



e, where 1 < i < n — 1 



(3) Xn+2 — -i-2 "'"^n — 2 J 'n 

(4) (xi2: n+ 2) 2 = (x n+ 2Xi) 2 , where i = 1, . . . , n - 1, n + 1, n + 4 
(5) 
(6) 
(7) 
(8) 
(9) 

(10) 

(11) 



■ X2X1 



I n+2 :r ™+42;n+2, ^n^n-2 • • • x i+1 x i x i ^ 1 ■ ■ ■ x n ^ 2 x n x ] = e, where 1 < i < n - 
Xi,x n + 2 XjX~^_ 2 ] = e, where l<i<j<n — 1 

x n-l x n+l x n-l, x i] = e i where 1 < i < n — 2 

—1—2 2 I _ 

x n, x n + l x n +2 Xn +4 X n+2 X n-+l-\ ~ e 

x„ + i,x n+ 4,] = e 
x n -i,x~ +2 x n+ 4X n+ 2\ = e 



(12) Xn-\-4X n ^_ 2 X n +\Xn ■ ■ ■ X\ — e. 
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By substituting Relation (1) in Relations (4) for % — n + 1, we get 
(x n x n+2 ) 2 = (x n+2 x n ) 2 . Since the relation (x n+ ix n+2 ) 2 = {x n+2 x n+ i) 2 
is known in Relations (4), Relation (2) is redundant (since comparing 
Relations (1) and (2) yields a known relation). Now we substitute 
Relation (1) in Relation (9) and we get: 

e= [ x n + lX n X n + 1 ,X n + 2 x n+4 X n+2\ = K X n+2 XnXn + 2 ) Xn ( X n+2 X « x n + 2 ) , x n + 2 Xn +4 X n + 2\ = 
— \ x n x n + 2 x n x n j r 2 x n ; x n j r 2 x n-\-4 x n + 2~\ — [ x n _\_2 XnXn +2 ' x n -\-2 Xn +^ x n + 2] — [ x n> x n+4]- 

By Relation (12) , We Substitute X^^^n+lXn ° ' ' %1 — ^n+4 ^ n \p^m — 

e. By Relations (1) and (5), this relation can be simplified to (x n+2 x n ) 2 = 
(x n x n+2 ) 2 , which is known, and hence Relation (9) is redundant. So 
we get the following set of relations: 

(1) X n = x n+2 x n+l x ~+ 2 

(2) X n +2 = X^ 1 X 2 ~ 1 ■ ■ ■ X~_ 2 X~_ 1 X~ +2 Xn+4Xn+2X~ +4 X n +2X n -lX n -2 ■ • • X 2 X 1 

(3) ( x i x n +2) 2 = ( x n+2 x i) 2 , where i = l,...,n + l,n + 4 

(4) [xi,x n ] = e, where 1 < i < n — 1 

(5) [a;^| 2 :c ™+4 :r "+2: ^a= n -2 • • • Xi+lXiX^ ■ ■ ■ X ^-2 X " 1 ] = e > where 1 < i < n - 2 

(6) [xi,x„+2XjX~] r2 ] = e, where 1 <i < j <n — 1 

(7) [x^^Xn+lXn-ljSj] = e, where 1 < i < n - 2 

(8) [x„+i,x„+4] = e 

(9) [ x n -l, x ~l 2 x ™+4 x "+2] = e 
(10) x n+4 (a; n+ 2a; n ) 2 a; n _i • ■ • xi = e. 

We start by simplifying Relations (5) for % = n — 2: 

_ r -1 -1] (4),«=n-2 , _ x , 

^ — [•^n+2^n+4X ri -\. 2) X n X n — 2 X n J — |X n _|_4, X n -|_2X n _2^C n _(_2j • 

This relation can be rewritten, by using Relation (10), as: 

% n% n+2% n% n— 1 ' ' ' •Kl%n+2%n— 2^ n +2 •^n— 2% n% n+2% n% n— 1 ' ' ' -^l- 

Now, by Relations (3) (for i = n — 2), we get: 

%n%n+2%n%n— l%n— 2%n+2%n— 2% n +2 X n— 2 ^n— 2%n%n+2%n%n— 1 • 

By Relations (6) (for i = n — 2), we get: 

%n+2%n% n +2^n— 2 ^n— 2^'ri+22'ri3' n -|-2- 

In a similar way, we get [xi, x n+2 x n x~l 2 } = e, for 1 < i < n — 3. As 
done above, we substitute this time Relation (10) in Relation (9) to 
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get: [^-1,^+2^71^+2] = e - We combine both induced relations in 
Relations (5) below, to get: 

(1) X n — ;r n+2 ; £n+l a; n _|_2 

(2) X n +2 = x l x 2 ''' x n — 2 X n — l X n + 2 Xn +4 x n+2 x n +4 : x n+2 x n — l x n — 2''' x 2 x l 

(3) (xiX n+2 ) 2 = ( x n +2 x i) 2 , where i = 1, . . . , n + 1, n + 4 

(4) [x;,a; n ] = e, where 1 < i < n — 1 

(5) [xi,Xn+2XnX~^_ 2 ] = e > where 1 < i < n — 1 

(6) [xi,x n+ 2XjX~^_ 2 ] = e, where l<i<j<n — 1 

(7) [x'^Xn+lXn-l, Xi] = e, where 1 < i < n - 2 

(8) [x„+i,x„+4] = e 

(9) a;n+4(a;n+23;n) 2 3;n-i ■ ■ • xi = e. 

We simplify now Relation (8) by substituting Relation (1) and Re- 
lation (9): 

•^'n+2~''«^'«+2 ' {%n+2%n) X n —\ ' ' '2-1 {%n+2%n) X n —\ ' ' ' X\ ' %n+2%n%n+2 ■ 

Using Relations (3) for i = n, we get [x n +2X n x~l 2 , x n -\ • • • xi] — e, 
which is known already by Relations (5), and therefore is redundant. 
Moreover, using Relations (1), (3) and (4), Relations (7) (for % = n — 2) 
can be translated to: 

6 [^n+l , X n —±X n — 2X n _ ]J \x n j ! _2XnXn J r2i X n —\X n —2X n _T^ 

\XnXn+2XnX n +2'^n , -^n— lXn— 2-^n— l] \Xn+2XnX n j f 2 , X n — 1^-n— l] ' 

This relation is known already by Relations (5). If we check the other 
cases i = n— 3, . . . , 1, we get [x n+2 x n x^ 2 , x n ^iXiX~\], for 1 < i < n— 3. 
These relations are known by Relations (5). Therefore, Relations (7) 
are redundant. 

Notice that it is possible to combine Relations (5) and (6) to the 
general form [xj, x n+2 XjX~+ 2 ] = e, where 1 < i < j < n. So we get: 

(1) X n — X n +2X n -\-\X nJr 2 

(2) X n +2 = Xi X 2 ■ ■ ' X n _ 2 X n _YX n j r2 X n J r ^X n J r 2X n j^^X n j r2 X n ^\X n —2 ' ' ' X2X1 

(3) (xiX n+2 ) 2 = (x n+2 Xi) 2 , where % = 1, . . . , n + 1, n + 4 

(4) [xi, x n ] = e, where 1 < i < n — 1 

(5) [xi, x n+ 2XjX~+ 2 ] = e, where 1 < i < j < n 

(6) Xn+A{x n +2Xn) 2 X n ~l • ■ ■ X\ — C 

Relation (x n +iX n +2) 2 = (x n+2 x n +i) 2 (from Relations (3)) can be 
translated to (x n x n +2) 2 = (x n +2X n ) 2 by substituting Relation (1), and 
therefore is redundant. 
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Our goal now is to omit x n+ 4. By Relations (3) for i = n and 
Relations (4) and (6), Relation (3) for % = n + 4 can be rewritten as 
(by substituting x n+i from Relation (2)) 

( x n+2 ' x n x n— 1 ' ' ' x l) {p^n-^n— 1 ' ' ' ^1 ' • 

Using Relation (6) again, Relation (2) becomes: 

x n+2 — x l X n-l X n+2( X l ' ' ' X n-l( X n+2%n) ) x n+2 ' 

x n-l ' ' ' x l) x n+2 x n-l ' ' ' %1, 

which can be written as (x n+ 2 ■ x n _\ ■ ■ ■ Xi) 2 = (x ra _i • • • X\ ■ x n+ 2) 2 - By 
Relation (1), the generator x n+ \ is omitted. By Relation (6), Xn+4 can 
be omitted too. Therefore, we have the following presentation: 
Generators: {xi, . . . , x n , x n+2 } 
Relations: 

(1) ( x n+2 ' x n-l ' ' " x l) 2 — ( x n-l ' ' ' ^1 ' x n+2) 2 

(2) (xiX n+2 ) 2 = (x n+2 Xi) 2 , where 1 < i < n 

(3) {x n+2 ■ x n x n ^\ ■ ■ ■ Xi) 2 = (x n x n -i ■ ■ ■ Xi ■ x n+2 ) 2 

(4) [xi, x n ] = e, where 1 < i < n — 1 

(5) [xi,x n+2 XjX~+ 2 } = e, where 1 < i < j < n 

Now, we show that Relations (1) and (3) are redundant. Let us 
denote b := x n , a := x n -\---X\ and x := x n+2 . In these notations, 
we have the relations [a, b] = e (by Relations (4)), (bx) 2 = (xb) 2 (by 
Relations (2)), (ax) 2 = (xa) 2 (by Relation (1)) and [refer -1 , a] = e (by 
Relations (5)). We simplify Relation (3), which is (bax) 2 = (xba) 2 . We 
do it as follows: 



baxbax = xbaxba — > baxbx xax = xbaxbx xa — > 
— > bxbx~ l axax = xbxbx~ l axa. 

The last resulting relation is redundant (that means that Relation (3) 
is redundant). 

We show now that Relation (1) is redundant too. First, we write 
this relation in detail: 
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X n +2 ' Xn-l x n-2 " ' ' X 2 X\ ■ X n+ 2 • X n _\X n _2 ' ' ' X 2 X\ — 
— X n _iX n _2 ' ' ' X2X1 ■ X n+ 2 ■ X n _iX n _2 ' ' ' X2X1 ■ X n+ 2- 

We add the expression x~+ 2 x n +2 = e: 

Xn+2X n -lX n -2 ■ ■ ■ X2Xl(x n +2X n -lX~^_2)(Xn+2Xn-2X~^_ 2 ) ' ' ' ( X n + 2X2 X~]_ 2 ) x n + 2 XI = 

= x n -\x n -2 • ■ • X2Xi(x n+ 2X n -ix~^ 2 )(x n+ 2X n - 2 x~+ 2 ) ' ' ' (x n +2X 2 x~^ 2 )x n+ 2Xix n+2 . 

By Relations (5), X\ commutes with all expressions in the brackets. 
Therefore we get: 

x n +2X n -ix n ~2 ■ • ■ X2(x n+ 2X n -ix~] r2 ){x n+ 2X Tl -2X~} r2 ) ■ ■ ■ (x n+ 2X 2 x~^ 2 )xix n+2 x 1 = 

= X n -\X n -2 ■ ■ ■ X2(x n+ 2X n - 1 X~] r2 ){x n + 2 X Tl -2X~] r 2) ■ ■ ■ (Xn+2X2X^ 2 )xiX n+2 X 1 X n+ 2. 

Since by Relations (2), (xiX n+2 ) 2 = (x n+2 xi) 2 , we get: 

X n +2X n -lX n -2 ■ ■ ■ X2(x n +2X n -lX~] r2 ){x n+ 2X n -2X~] r2 ) ■ ■ ■ (x n +2X3X~+ 2 )(x n +2X2X~+ 2 ) = 
= X n -lX n -2 ■ ■ ■ X2(x n+ 2X n -lX~] r2 ){x n+ 2Xn-2X~)_ 2 ) ■ ■ ■ (x n +2X3X~] r2 )x n +2X2- 

Again by Relations (5), X2 commutes with all the expressions in the 
brackets. Hence we have: 

Xn+2X n -lX n -2 ■ ■ ■ X3(x n+ 2X rl ~lX~) r2 ){x n +2Xn~2X~] r2 ) ■ ■ ■ {x n +2X3X~] r2 )X2X n +2X2 = 
= X„-lI„-2 ' ■ ' X; i (x n+ 2X n - 1 X~^ 2 )(x n + 2 X n - 2 X~l2) ' ' ' (Xn+2X3X~^ 2 )x2X n + 2 X 2 X n+ 2. 

Since by Relations (2), (x 2 x n+2 ) 2 = (^n+2^2) 2 , we get a shorter form: 

X n +2X n -lX n -2 ■ ■ ■ X3(x n+ 2X n - 1 X~^ 2 )(x n+ 2X n -2X~+ 2 ) ' ' ' (Xn+2X3X~^ 2 ) = 
= X n -lX n -2 ■ ■ ■ X3(x n+ 2X n -lX~] r2 )(x n+ 2X n -2X~^ 2 ) ■ ■ ■ X n+ 2Xz. 



We continue in the same manner for £3, #4, ... , x n -2 in order to get 
the following relation: 
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Since (x n _2X n+2 ) 2 = (x n+2 x n _ 2 ) 2 (by Relations (2)), we get (x n _iX n+2 ) 2 = 
(a; n+2 2; n _ 1 ) 2 , which appear already in Relations (2). Therefore, Rela- 
tion (1) is redundant. 

We finally get the requested presentation for 7Ti(CP 2 — T nt0 ) with 
xx, . . . , x n , x n+2 as generators and with the following relations: 

(1) (xiX n+2 ) 2 = (x n+2 Xi) 2 , where 1 < i < n 

(2) [xi, x n ] = e, where 1 < i < n — 1 

(3) [ + 2 ] — e ) where 1 < i < j < n, 
as needed. 

■ 

By the above results, we can conclude: 

Corollary 3.10. The affine and projective fundamental groups of a 
conic-line arrangement, composed of two conies, which are tangent to 
each other at two points, and n tangent lines, are big. 

Proof. We have seen that the projective fundamental group of two tan- 
gent conies is (a,b\(ab) 2 = (ba) 2 = e) = Z * Z/2, which is big, as we 
saw in Corollary 12.91 

Since the projective fundamental group is a quotient of the affine 
fundamental group by the projective relation, the affine fundamental 
group is big too. 

Now, let A be a conic-line arrangement with two conies and with 
some additional tangent lines. Since the arrangement composed of two 
tangent conies is a sub- arrangement of A, and the fundamental groups 
of two tangent conies are big, we have that the fundamental groups of 
A are big too. ■ 

4. The fundamental group of the complement of two 
tangent conics with n + m tangent lines 

In this section, we compute the fundamental group of the comple- 
ment of the arrangement T n m consisting of two tangent conies, n lines 
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which are tangent to one of the conies and m lines which are tangent 
to the other one. 

4.1. The braid monodromy factorizations. In this subsection we 
present the BMF of the arrangements T lil; T 21 , T 2i2 and we shall com- 
pute the BMF of the arrangement T n>m for any n, m. Note that we 
dealt with the arrangement T^i in [T], and we give here its BMF . 

Lemma 4.1. Let T\ t \ be a conic-line arrangement composed of two 
tangent conies (at two points) and two tangent lines, each is tangent 
to a different conic, see Figure UR 



101 \9_ 



Figure 13. The arrangement Ti i 



Then its BMF is 

A 2 Ti i = Z 2 23 ■ Z| 4 • ■ Z 2 4 5 ■ Zt 6 ■ Zf 3 ■ (Z u r^ 

izl) z ^ ■ {zl) z h . {Zm )^ ■ z\ 2 ■ z\, ■ z 5e . 

In a similar way, one can compute the BMFs of T2.1 and T 2] 2: 

Lemma 4.2. Let T 2j i be a conic-line arrangement composed of two 
tangent conies (at two points) and three additional lines, two of them 
are tangent to the first conic, and the third one is tangent to the second 



conic, see Figure 14 
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Figure 14. The arrangement T 2 1 



Then its BMF is: 

■zt & ■ (z! 7 ) z * • (z«)*5ra • (z^ ■ (Z^ ■ . 

iZ 23 ) z2 ^ 2 ■ Zl ■ {Zl,) z2 ^ ■ (2&)^. 

Lemma 4.3. Let T 2j2 be a conic-line arrangement composed of two 
tangent conies ( at two points ) and four additional lines, two of them 
are tangent to the first conic, and the two others are tangent to the 
second conic, see Figure [731 




Figure 15. The arrangement T 2 ^ 2 



FUNDAMENTAL GROUPS OF TANGENT CONICS AND TANGENT LINES 29 

Then its BMF is: 



= Z 23 ■ Zl ■ Z\ 3 ■ Zl A ■ Zt 7 ■ (Z*)** . { zl 7 ) z ^ . ^fl, . 

izl^ ■ (z^fis . { zl,fl^ . zt, ■ (zf 7 ) z « ■ 

. (Zi5 ) Z ^r^sM 3 . {Z ^) z h . {Zl,) Z ^ ■ Z^ ■ {Zl) Z l* ■ 

<ztt* ■ {zl*) zh ■ (z 23 ) z ^ ■ (Zj^ ■ {Z\,f^ ■ {Z\,f^K 

Now, we compute the BMF of T n ^ m . 

Proposition 4.4. Let Qi,Q 2 be two tangent conies in CP 2 . Consider 
two sets of n and m lines, such that n lines are tangent to Q 2 , and m 
lines are tangent to Q\. Denote: T n ^ m = QiUQ2U([J" =1 L i )U([J^ 1 L^). 
Then: 

2 ™ +4 

A|„, m = z 23 ■ (z 23 f 2 £» zli ■ (z 45 ) z2 A + * ■ z 45 • z* 24 ■ (zl A f> ■ 

n+A n+m+A n+A 

7A\ z t, n +5 ( y2 \ z i3 I I \ ( y2 \ Z 45 ( y2 \ z h Z i3 



■z$ 3 ■ n % ■ n ( z tf L+5 ■ (zif 13 ■ n [^ zh ■ & 

i=6 i=n+5 i=6 

n+A 

n ( z uf i5Z!3 ■ n ■ ( z tn +5 f 24Zl3 ■ (Zln +5 f 3 

i=6 6<i<j<n+A 
n+m+A _ ^ 2~ 2 ) - n + m +4 



n [(^) u+4 - z i]- n z Ui- n w 



ij) 

i=n+6 i=n+6 n+6<i<j<n+m+A 



n+m+A n+A n+m+A , 7 -2-> 

. jj (z£) ^.jjr n 



i=n+5 i=6 j=n+5 



The skeletons of Z 45 and Z 3i appear in Figure IT5[ 

Proof. By a similar technique to what we have used for computing the 
BMF of T n , we compute the BMF of T n ^ m . 
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n+m+4 




FIGURE 16. Skeletons for the BMF of T n>r , 



We first construct the BMF of T l m by generalizing the BMF of T^i, 
^1,2, Ti^\ 



A 2 



z 23 ■ (z 23 ) z ^ 2 ■ (z 45 f 2 ^ ■ zu 5 ■ z* 4 ■ (zl 4 f™ ■ z 



m+5 

i 4 3 • TT ( z if 56 



m+5 



m+5 



<zf 5 f h ■ (zi 6 f^ . (2&f» ■ ( n [zi ■ zQ) • n z i 

i=7 i=7 



n (4> 

7<i<j<m+5 



_ 2 m+5 



i=6 



Then we proceed in the same manner to compute the BMF of T 2;m 
and T 3>m , as presented in the following table. The table is constructed 
as follows: in each row we write the factors which are related to the 
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same type of singularities in the different arrangements. 





A?, 

J-l.m 


A T 2 . m 


^3. m 


(1) 




■^23 


•^23 


(2) 






(•^23 ^2B^37 


(3) 


(Z 45 ) Z 24 Z 56 


(Z 45 ) Z 24^ 7 


(Z 45 ) Z 24 Z 58 


(4) 


~ / 
Z 45 




Z 45 


(5) 


z%4 ■ (zLf i3 




^4 ■ (ZLf 13 


(6) 




^13 ' ^26 


z i3 ■ n 

i=6,7 


(7) 


m + 5 r-,2 

n (ztif™ 

i=6 


TTl + 6 „2 

n 57 

i=7 


m+7 2 

n (^) 58 

i=8 


(8) 


(Z? 5 ) Z ?3 




(z 2 15 f h • n k^f 2 * ■ {zif 


2 ^2 "1 
15^13 


(9) 




( z ie) 


n (z\f^ . (zif™ 

i=6 


(10) 


m + 5 r - 9"i 

■ n [zi ■ z'J\ 


m+6 r ~-2 _ 9-1 

. n [{zif™ 

i=8 1 J 


m + 7 

■ n 

i=9 


N Z 24 Z 23 C72 -,^13 


] 


(11) 


m + 5 

n z%, 

i=7 

n (z^f^z™ 

7<i<j<m + 5 


m+6 

n 

i=8 

n {z%)*i? z " 

8<i<j<m+6 


m + 7 

n zi- 

i=9 

n (^)^ 2zis 

9<i<j<m + 7 


(12) 


n (^) 16 13 

i=6 


m+6 2 7 2 

n (4) 17 13 • 

i=7 

m+6 „ ( fl Z- 2 ) 

■ n (^) fc = 7 

3=7 


r 

■ft 

j=6 


1+7 „2 7 2 

n {zif^- 

=8 

™+7 ( fl zr 2 h 

n (^) *= s 3 

3=8 J 





The skeletons of Z' 45 , Z'l 5 , Z' A \ and Z' 3i , , Z^[ appear in Figures [TTI 
and [18] respectively. 




Figure 17. The skeletons of Z' A5 , Z'l 5 , Z\ 
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Figure 18. The skeletons of Z'J 1 , Z'£ , Z'£ 



Rows (1) and (2) correspond to the branch points of Q 1 . Rows (3) 
and (4) correspond to the branch points of Q 2 . Row (5) corresponds to 
the two tangency points between Q\ and Q 2 . Row (6) corresponds to 
the tangency points between Q\ and the lines which are tangent to it. 
Row (7) corresponds to the tangency points between Q 2 and the lines 
which are tangent to it. Row (8) corresponds to the intersection points 
between the lines {Lj}™ =1 and the conic Q 2 . Row (9) corresponds to 
the intersection points between the lines {Lj}" =1 themselves. Row (10) 
corresponds to the intersection points between the lines {L'j}^ =1 with 
Qi. Row (11) corresponds to the intersection points between the lines 
{L'j} 1 JL 1 themselves. Row (12) corresponds to the intersection points 
between the lines {Lj}™ =1 and {L^}^ =1 . 

In the next step, we generalize the factorization for any n, i.e. we 
compute A^ nm . In the following table, each row includes the general 
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form of the corresponding row in the previous table: 





A 2 


(1) 




(2) 


^ n+4 _ 

(Z 23 ) 1=6 


(3) 




(4) 


Z45 


(5) 


^24 1 Z '34J 


(6) 


n+4 

Z\3 ' n z^ 


(7) 


n+m+4 2 

n (zi) z *>«+* 

i=n+5 


(8) 


?2 n +4 r 7 2 „ 72 72 1 

(£? 5 ) 13 • n (zif 45 ■ (^) 15 13 

i=6 L J 


(9) 


n +4 ry2 v2 ^2 

n (zif A ■ n (4) 

1=6 6<i<jr'<n+4 


(10) 


v2 v2 v2 n+m+4 r (IT Z~ 2 ) _ n 

(4n+ 5 ) z|4Z|3 ■ (zi n+5 f* . n (^) — J • ^ 

i=n+6 L 


(11) 


n+m+4 7 -2 7 2 

n n (z?j)^ x -- 

i=n+6 n+6<i<j'<n+m+4 


(12) 


n+m+4 _ 2 v2 n+4 rn+m+4 ( FT Zr 2 )n 

n (^) ws 13 • n n m) k = n+s 

i=n+5 i=6 L j'=n+5 - 1 



The skeletons of Z 45 and Zfj appear in Figure [161 



4.2. The corresponding fundamental groups. In this section, we 
compute the fundamental group of the complement of the general ar- 
rangement T n>m , n,m > 1. 

Note that the arrangement T\ t i appears already in [TJ, therefore we 
cite here the presentation of its fundamental group: 



Proposition 4.5. Let T\ \ be the curve defined in Lemma \4-l 
Figure UR 
Then: 

TT^CP 2 -Ty) S © (X 2 ,X 3 I (X 2 X 3 ) 2 = (x 3 X 2 ) 2 } . 



see 



34 



MEIRAV AMRAM, DAVID GARBER AND MINA TEICHER 



Now, we prove Theorem 11.11 by computing the simplified presenta- 
tion of the fundamental group of T n>m : 

Proof of Theorem ll.lt 

Using the van Kampen Theorem on A^ n m (computed in Proposition 
14.41) . we get the following presentation for 7Ti(CP 2 — T n , m ): 
Generators: {xi, x 2 , x%, x 4 , x§, Xq, X7, . . . , x n+4 , x n +5> . . . , x n+m+4 \. 
Relations: 

(1) X2 = X3 

(2) x z = x~ £3 x7 x~ ■ x n+4 x„ +3 ■■■ 2:3x2X3 ■■■x' 

+ 3 X n+4 ' X5X4X3XI 

(3) X4X3X2X3 1 X4X3X^ 1 X 3 " 1 X± 1 = X n+ 5X5X^ 5 

(4) X3XXX3 Xj X3 X4X3XxX3X-^ X3 — X^ "X n ^^X n _j_g - - ■ X^^ m _j_^ -X n ^5X5X n _j_^ •X 71 _(_ m +4 ■ ■ ■ X n ^gX n ^5- 

X5 

(5) (X3X2X 3 " 1 X4) 2 = (X4X3X2X3 -1 ) 2 

(6) (X3X1X3X^~ 1 X3~ 1 X4) 2 = (x4X3XlX3Xj~ 1 Xg~ 1 ) 2 

(7) (xix 3 ) 2 = (x 3 xi) 2 

(8) (x 2 ■ X3 1 xJ 1 ■ • ■ x^XiXi-i ■ ■ ■ X4X3) 2 = (X3 xj ■ ■ ■ xT^XiXi-i ■ • ■ X4X3 ■ x 2 ) 2 , 
where 6 < i < n + 4 

(9) (x 5 x n+5 ) 2 = (x„ +5 x 5 ) 2 

(10) (X 5 X n ^ 5 XiX n _)_5) 2 — (x n ^ 5 X|X n +5X5) 2 , where n J r&<i<n J rm-\-A 

(11) [x^xixj 1 , X5] = e 

(12) [x , 5X4X,T :L , Xi] = e, where 6 < i < n + 4 

(13) [x5X3XiX3~ 1 X5X3Xj~ 1 X3~ 1 x^" 1 , x^] = e, where 6 < i < n + 4 

(14) [x5X3Xix 3 ~ 1 xJ 1 , Xi] = e, where 6 < i < n + 4. 
(15) 

[Xj — lXj — 2 ■■■X4X3X2X3 X^ ■■■X^_2X^_jXiXi_lXj_2"''X4X3X2 X3 X^ ■-■ Xj _2^j — 1 5 j 'J — 

e, where 6<i<j'<n + 4 

(16) [X4X3X2X3 1 X4 1 ,x n+ 5] = e 

(17) [x 3 x 1 x 3 x~ 1 x^ 1 ,x n+5 ] = e 

(18) [X5X4X3X2X3 X^ X^ , ^ n 1 5^ n 1 g ' ' ' X^_2X^_ XjXi_ 1 Xj_2 ■ " ■ X n -|-5X n -j_5] — e, 

where n + Q<i<n + m + i 

(19) [X5X3X1X3X]" X3" X5 ; % n +5% n -^Q ' ' ' ■ K j_2' E i— l^i 3 '* — I 3 '* — 2 ' ' ' X n -|_(jX n -|_5] e, 
where n + Q<i<n + m + i 

(20) [x„+5,Xi] = e, where n+6<i<n+m+4 

(21) [x n+ 5Xg 1 x~^_ 5 XiX n+5 x 5 x~^_ 5 , Xj] = e, where n+6<i<j<n+m+4 

(22) [X3X1X3 .x^ ^XiX n _)_5] — e, where n + 5<i<rt + m + 4 

(23) [x^ x~^. 5 x~| 6 ■ ■ ■ xJ^XjXj-i ■ ■ ■ x n+ 6X„ +5 ] = e, where 6 < i < n + 4 and 
n+5<j<n+m+4 

(24) x n+m+4 x n+m+3 ■ ■ • X4X3X2X1 = e. (Projective relation). 

Since x 2 = x 3 and (xia^) 2 = (x 3 Xi) 2 (by Relations (1) and (7)), we 
derive a simpler presentation as follows (we combine Relations (5) and 
(7) into one set): 

Generators: {x x , x 2 , x 4 , x 5 , x e , x 7 , . . . , x n+4l x n+5l . . . , x n+m+4 }. 
Relations: 

(1) x7/ 1 X2Xi = X4 Xg 1 ■ x n+ 4X n+ 3 ■ ■ ■ X4X2X4 1 ■ ■ ■ x~^ 3 x~^ 4 ■ X5X4 
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(2) X4X2X4X 2 1 x 4 1 = x n+5 x 5 x n ^ 5 

(3) 2^ X 2 X\X4X-y 2221 — £5 ' x n +5 X n+6 ' ' ' X n+m+4' Xn -\-5%5% n -^5'%n+m-\-4 ' " ' ^n+6^n + 5' 

(4) (x2Xi) 2 = (xiX2) 2 , where i = 1,4 

(5) (x^ 1 X2XiX4) 2 = (x4X^ 1 X2Xi) 2 

(6) (24 ■ ' ■ X ^_y£iXi— \ ■ ■ ■ X4X2) — (x*2 X^ ■ ■ ■ X^_-^X{Xi— l ■ ■ ■ X4.X2) 1 

where 6 < i < n + 4 

(7) (x 5 x n+5 ) 2 = (x n+5 x 5 ) 2 

(8) (x 5 x~^ 5 XiX n+5 ) 2 = (x~^ 5 XiX n+5 x 5 ) 2 , where n + 6 <i < n + m + 4 

(9) [2:22:12:2" , 15] = e 

(10) [25242,7 2;] = e, where 6 < i < n + 4 

(11) [25222i2 2 ~ 1 25222 1 ~ :L 22~ 1 2,r :L , Zj] = e, where 6 < i < n + 4 

(12) [25222i2 2 ~ 1 x 5 ~ 1 ,2i] = e, where 6 < i < n + 4. 

(13) [xj — iXj —2 ■ ■ ■ X4X2X ^ • ■ • x ^_^x ^^-^XiXi—\Xi—2 ' ' ' '£4^2 x 4 ' x j —i x j — 1 ' ' ] ~~ ^' 
where 6<i<j'<n + 4 

(14) [24222J ,x n+5 ] = e 

(15) [2r" 1 222i,2 n+ 5] = e 

(16) [2524222:4 " 

X 5 ' X n+5 X n+6 ' ' ' x i — 2 X i~\ X i X i~^ X i — '^ ' ' ' ^n+e^n+s] — e i 

where n+6<i<n+m+4 

(17) [252-^ X2X\x^ , x n ,^x n ,Q ■ • • x^_ 2 x^_-^XiXi—\Xi—2 ■ ■ ■ x n -^-QX n -^^] = e, 
where n+6<i<n+m+4 

(18) [x„+5, Xi] = e, where n+6<i<n+m+4 

(19) [2 n+5 Xg 1 x~^_ 5 XiX n+ 5X5X~^_ 5 , Xj] = e, where n + 6<i<j<n + rrt + 4 

(20) \x2X\x^ x ,x~^ 5 XiX n +s] = e, where n+5<i<n+m+4 

(21) \xi, •^' n -[_5^' Tl ^5 ' ' ' x j — l x j x j — l ' ' ' ^n+6-£n+5] — e, 

where 6 < i < n + 4 and n+5<j<n+m+4 

(22) 2 n + m +42 n + m +3 ■ ■ • X5X4X?,xi = e. 

Now we apply Relations (4) and (18) to get a much convenient pre- 
sentation (we also combine Relations (7) and (8) into one set): 

(1) 2:T 1 222i = £4 1 Xg 1 ■ x n +4X n +s ■ ■ ■ 24222J 1 ■ ■ ■ x~+ 3 x~+ 4 ■ 2:524 

(2) x^ x X4X2 = x n+5 x 5 x~l 5 

(3) X-y X2 X\X4X-y X2X-4 = X§ ■ X n _^_Q ' ' ' x n -\-rn+4 ' X & ' x n + m+4 ' ' ' ' 3*5 

(4) (2:22i) 2 = (2i22) 2 , where i = 1,4 

(5) (x^ 1 X2X1X4) 2 = (x4X^ 1 X2X\) 2 

(6) (2:4 ■ - ■ X ^_yLiXi — \ ■ ■ ■ X4X2) 2 — (^2 24 ■ - ■ X^_-^XiXi — \ ■ ■ ■ X4X^) 2 , 

where 6 < i < n + 4 

(7) (2s2i) 2 = (x^s) 2 , where n + 5<i<n + m + 4 

(8) [22212^ 1 , 25] = e 

(9) [25242,7 , Xi] = e, where 6 < i < n + 4 

(10) [x5222i2 2 ~ 1 2;5222;r 1 X2~ 1 25~ :L , ^i] = e > where 6 < i < n + 4 

(11) [25222i2 2 _1 2 5 " 1 ,2i] = e, where 6 < i < n + 4. 

(12) [2j _ l2j _2 ■■■242224 •■■2^_22^_-^2i2j_l22_2'''^4^'2 ' ' ' X j — 2 X j — 1 ' — ^' 

where 6<i<j<n + 4 

(13) [24222j 1 ,2 n+5 ] = e 

(14) [2^ 1 222l,2 n+5 ] = e 

(15) [25242224 1 x^ 1 , %n+e ' ' ' x T-2 x T-l XiXi - lXi - 2 ' ' ' I «+6] = e i where n+6 < i < n+m+A 

(16) [2527 1 222i2g 1 ,x~^_ 6 ■ ■ ■ 2r 1 2 2r 1 1 2i2i_i2i_2 • • • = e, where n+6 < « < n+m+4 



36 



MEIRAV AMRAM, DAVID GARBER AND MINA TEICHER 



(17) [xn+$,Xi] = e, where n+6<i<n+m+4 

(18) [x^XjXs, Xj] = e, where n+6<i<j<n+m+4 

(19) \x2X\x^ x , Xj] = e, where n+5<i<n+m+4 

(20) [xi,x~^_ e ■ ■ ■ xJ^XjXj^i ■ ■ ■ x n +g] = e, where 6 < i < n + 4 and n+5<j<n+m+4 

(21) x n+m+4 x n+m+3 ■ ■ ■ x 5 x 4 x%xi = e. 

By Relations (9) we get the following simplified relations (we combine 
Relations (8), (11), (19) into one set): 

(1) x^ x xix\ = x^ 1 x~ 1 ■ x n+4 x n+3 ■ ■ ■ X4X2X^ X ■ ■ ■ x~^_ 3 x~^_ 4 ■ X 5 X 4 

(2) Xz X X4X2 = X n+ 5X5X~+ 5 

(3) X 1 X 2 X\X4X^ X2X\ — Xg ■ X n + fi ■ ■ ■ X n+m+A ■ X5 ■ £n + m+4 • ' ■ X n +6 ' X5 

(4) (x2Xi) 2 = (xiX2) 2 , where i = 1,4 

(5) (x 1 ~ 1 X2Xix 4 ) 2 = (x4X^ 1 X2Xi) 2 

(6) (x ^ • • • X-_-^XjXj — l • • • X4 X 2) — (3^2 X ^ • • • X ■_ ^X iXi — 1 • • • X4X2) , 
where 6 < i < n + 4 

(7) (xsXj) 2 = (xjxs) 2 , where n+5<i<n+m+4 

(8) \x2X\x^ x , Xi] = e, where 5<i<n+m+4 

(9) [X5X4X7 1 , Xi] = e, where 6 < i < n + 4 

(10) [3:5, Xi] = e, where 6 < % < ra + 4 

(11) [Xj — 1 Xj — 2 ' ' ' X4X2X ^ • • • X^ ^XjXj — iXj — 2 ' ' ' X4X2 X^ ■■■ X^ 2 X j 1 ' X J ] — ^' 

where 6<i<j'<n + 4 

(12) [X4X2X4 , x n+5 ] = e 

(13) [x~ 1 x 2 x 1 ,x n+5 ] = e 

(14) [x 5 X4X2xJ 1 x ! r :L , a;~+6 ' ' ' a; i^2 x i^l x » x »-l a; »-2 ' ' ' ^n+d = e > where n+6 < i < n+m+4 

(15) {x 5 x~ 1 X2X 1 x~ , x~ +6 ■ ■ ■ x7^ 2 x7^ 1 x»Xi_iXi_2 • • ■ x n+6 ] = e, where n+6 < i < n+m+4 

(16) [x n +5, Xi] = e, where n+6<i<n+m+4 

(17) [x^ x,X5, Xj] = e, where n+6<i<j< n+m+4 

(18) [xj, x~^_ 6 ■ ■ • xJ^XjXj-i ■ ■ ■ x n +g] = e, where 6 < i < n + 4 and n+b<j< n+m+4 

(19) x n+m+4 x n+m+3 • ■ • x 5 x 4 x|xi = e. 

By Relations (10), Relations (9) become [#4,2^] = e, where 6 < i < 
n + 4. These relations enable us to proceed in simplification: 

(1) x^ 1 x 2 xi = x n+4 x„ +3 ■ • ■ x 6 x 2 Xg 1 • ■ • x~^_ 3 x~^_ 4 

(2) x 2 ~ 1 x 4 x 2 = x n+5 x 5 x~| 5 

(3) X-y X2 X\X4X-^ X2X\ — Xg • X n ^Q • • ■ 3? n _|_ m ^ 4 ■ X5 • X n -\-m+4 ■ ■ • X n -^-Q • X5 

(4) (x2X 4 ) 2 = (xiX2) 2 , where i = 1,4 

(5) (x 1 ^ 1 X2Xix 4 ) 2 = (x 4 x 1 ^ 1 X2Xi) 2 

(6) (^-g ' ■ ■ X^ ^XiXi — x ' ' ' XgX2) — (*^2 ^6 ' ' ' X i \XiXi — x ' ' ' XgX 2 ) , 

where 6 < i < n + 4 

(7) (x^Xi) 2 = (xiX^) 2 , where n + 5<i<n + m + 4 

(8) [X2X1X2 1 , Xi] = e, where 5<i<n + m + 4 

(9) [x4,Xi] = e, where 6 < i < n + 4 

(10) [x5,Xj] = e, where 6 < % < n + 4 

(11) [Xj — i Xj — 2'''-^6X2Xg • • • X^ 2^i ±XiXi — iXj — 2 ' ' ' XqX^ Xg ■■■ X^ 2 X j 1 ' X J ] — ^' 

where 6<i<j<n + 4 

(12) [x4X2X^ 1 ,x n+5 ] = e 

(13) [x 1 _1 X2Xi, x n+5 ] = e 

(14) [x5X 4 X2xJ 1 Xg 1 , xZ\ 6 ■ ■ ■ x^ 2 x^ 1 x i x i -ix i -2 • • ■ x n +tj] = e, where n+6 < i < n+m+4 
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(15) [x5X± 1 X2Xix^ 1 , x~]_ 6 ■ ■ ■ x~} 2 x~} 1 x i x i -ix i -2 ■ ■ ■ Xn+6] = e, where n+6 < i < n+m+4 

(16) [i„+5, Xi] = e, where n+6<i<n+m+4 

(17) [x^ 1 XiX$, Xj] = e, where n+6<i<j<n+m+4 

(18) [xi,x~^_ 6 ■ ■ ■ xJ^XjXj—i ■ ■ ■ x n +s] = e, where 6 < i < n + 4 and n + 5 < j < n+ m + 4 

(19) x n+m+4 x n+m+3 ■ ■ • 15x4x^x1 = e. 

We treat Relations (18). Substituting i — 6 and j = n + 5, we get 
[#6, = e. Substituting i = 6 and j = n + 6, we get [xq, x n+ o] = e. 
If we take i = 6 and j = n + 7, we get [x 6 , x~+ 6 x„ + 7X n+ 6] = e, which 
is [x 6 ,x„ +7 ] = e. Continuing this process by substituting % — 6 and 
^ + 8 < j < n + m+4, we get [a^, Xj] = e for n + 8 < j < n + m+4. Now 
we substitute z = 7 and n + 5 < j < n+m+4. From these substitutions 
we get: [xj, Xj] = e for n + 5<j<n + m + 4. In the same manner, 
we get [xi, Xj] = e for 8 < i < n + 4 and n + 5< < 7<n + m + 4. This 
enables us to simplify the above list of relations (we combine Relations 
(9), (10) and (18) into one set): 

(1) x~ 1 x 2 x 1 = x n+4 x n+3 ■ ■ ■ XQX2XQ 1 ■ ■ ■ x~^ 3 x~^ 4 

(2) X 2 1 X4X2 = X n +5X5X~^_ 5 

(3) X-^ X2 X\X4X^ X2X\ = X^ ■ X n ^Q ■ ■ - ^ n _|_ m _|_4 ■ X$ ■ £ n + m -f4 ■ - ■ X n +Q ■ x§ 

(4) (x2Xi) 2 = (xiX2) 2 , where i = 1,4 

(5) (x^ 1 x 2 x 1 X4) 2 = (x 4 x^ 1 x 2 x 1 ) 2 

(6) (Xq ■ ' ■ X^ -^X^Xi — 1 ■ ■ ■ XqX2^) — ("^2 ^"6 \X^Xi — 1 ■ ■ ■ X.QX12) ) 

where 6 < i < n + 4 

(7) (rrsir;) 2 = (xixs) 2 , where n+5<i<n+m+4 

(8) [X2X1X2 1 , x »l = e > where 5<i<n + m + 4 

(9) [xi, Xj] = e, where 6 < i < n + 4 and j = 4, 5, n + 5, . . . , n + m + 4 

(10) [xj — lXj — 2 ' ' ' XqX 2 Xq "^i 2"^i X'^i'^i — \Xi — 2 ' ' " XqXq Xq ■ * ■ X j 2"^ j 1 ' — ^' 

where 6<i<j<n+4 

(11) [X4X2X^ ,X n +s] = e 

(12) [x± 1 X2X 1 ,x n+5 ] = e 

(13) [x 5 x 4 x 2 x^ 1 x~* , x~^ 6 ■ ■ ■ x~} 2 x~} 1 x i x i --ix i -2 ■ ■ ■ x n+ a] = e, where ra+6 < i < n+m+4 

(14) [x 5 x~ 1 x 2 x 1 x~ 1 ,x~^_ 6 ■ ■ ■ x~^ 2 x~^ 1 x i x i -ix i -2 ■ ■ ■ x n+ tj] = e, where ra+6 < i < n+m+4 

(15) [i„+5,ii] = e, where n + 6<i<n + m + 4 

(16) [x§ XiX$, Xj] = e, where n + 6<i<j<n + m + 4 

(17) x n+m+ 4X n+m+ 3 ■ ■ ■ x$x 4 x\x\ = e. 

Now we simplify Relations (6) and (10) (we have used this trick of 
simplification in the computation of 7Ti(C 2 — C n ) in Section [2]). 

We start by substituting i = 6 in Relations (6) to get (x 2 x 6 ) 2 = 
(xqX 2 ) 2 . We continue with % = 6,j = 7 in Relations (10) to get 
[%2 1 xqX2, x-j] = e (using (x2Xq) 2 = (xqX2) 2 )- Using these two relations, 
we simplify Relations (6) for i = 7: (x2Xq 1 xjXq) 2 = (xq 1 x 7 xqX2) 2 - We 
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add the expression x 2 l x 2 = e in four locations as follows: 

XqX 2 Xq 1 (x 2 1 x 2 )x 7 x 6 x 2 Xq 1 (x 2 x x 2 )x 7 = x 7 x 6 x 2 Xq 1 (x 2 1 x 2 )x 7 x 6 x 2 Xq 1 (x 2 1 x 2 ). 
Since (x 2 x 6 ) 2 = (x 6 x 2 ) 2 , we can rewrite the relation as: 

x 2 X Xq 1 X 2 XqX 2 X 7 X 2 ~ 1 Xq 1 X 2 XqX 2 X 7 = X 7 X 2 1 Xq 1 X 2 XqX 2 X 7 X 2 ~ 1 Xq 1 X 2 XqX 2 . 

We use the relation [x 2 1 xqx 2 , x 7 \ = e to get: 

X 2 Xq X 2 XqX 2 X 2 Xq X 2 X 7 XqX 2 X 7 = X 2 Xq X 2 X 7 XqX 2 X 2 Xq X 2 X 7 XqX 2 , 

namely x 2 x 7 x Q x 2 x 7 = x 7 x 2 x 7 x 6 x 2 . We add the expression x 2 x 2 1 = e 
to get x 2 x 7 (x 2 x 2 1 )x 6 x 2 x 7 = x 7 x 2 x 7 XqX 2 , and using [x 2 1 x e x 2 ,x 7 ] = e, 
we get (x 2 x 7 ) 2 = (x 7 x 2 ) 2 . 

Now we proceed with % — 6,j — 8 and then i = 7, j = 8 in Rela- 
tions (10) to get [x 2 x$x 2 , x$] = e and [x 2 1 x 7 x 2 , xg] = e respectively. 
These relations enable us to simplify the relation (x 2 Xq l x^ 1 x%x 7 Xq) 2 = 
(xq^-x^xsXiXqx^ 2 (which we get from Relations (6) for i — 8) to 
(x 2 x 8 ) 2 = (x 8 x 2 ) 2 . 

In the same manner, we conclude that Relations (6) and (10) can be 
simplified to (x 2 Xi) 2 = (xiX 2 ) 2 for 6 < i < n + 4 and [ 
for 6 < i < j < n + 4 respectively. 

Relation (12) gets the form [x2,x n+5 ] = e by substituting Relation 
(1) in it and by using Relations (9). 

Relations (14) can be rewritten by substituting Relation (1) in them 
(for n + 6 < i < n + m + 4): 

X^Xn+^Xn+s • • • XqX 2 Xq • • • X^^X^^X^ , 3^ n+ g ' " ' X \_ 2 X \_-\X ; t X %-\X 'j_2 • • • X n +Q 

Now, by Relations (9), we get: 

[^5X2X5 , X n _|_g • • • X i_ 2 X i_-\X iX i— \Xi— 2 ' ' ' 3?n+6] C 

For i = n + 6, we get [x^,x 2 x^ 1 , x n+ o\ = e. Now, for i = n + 7, we get 
[x 5 x 2 x^ , x~l 6 x n+7 x n+6 ] = e. By [x 5 x 2 x^ , x n+e ] = e, it is simplified to 
[xsX'zx^ 1 , x n+7 ] = e. In the same way, we get that Relations (14) are 
equivalent to [x^x 2 x^ 1 , Xi] = e, for n + 6 < i < n + m + 4. 



Therefore we have the following list of relations: 

(1) x^ x X2X\ = x n+ 4X n+ 3 ■ ■ • x§X2X§ 1 • • ■ x~]_ 3 x~]_ A 

(2) X4 = X2X n+ 5X5X~ +5 X2 
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(3) X-^ X\X4X-^ X2X\ — X? } ■ X n _^_Q ■ ■ ■ 3- n _|- m +4 ' -^5 ' x n + m-\-4 ' ' " 3-n+6 ■ X§ 

(4) (x2Xi) 2 = (xiX2) 2 , where i = 1,4 

(5) (x^ 1 X2XiX4) 2 = (x4X^ 1 X2Xi) 2 

(6) (x2Xi) 2 = (xiX2) 2 , where 6 < i < n + 4 

(7) (xs^i) 2 = (xiX$) 2 , where n + b<i<n + m + i 

(8) \x2X\x^ x , Xi] = e, where 5<i<n + m + 4 

(9) [a;,, Xj] = e, where 6 < i < n + 4 and j = 4, 5, n + 5, . . . , n + m + 4 

(10) [x2 1 XiX2, Xj] = e, where 6<i<jr<n + 4 

(11) [x4X2X^ 1 ,x n+ 5] = e 

(12) [x2,x n+5 ] = e 

(13) [xr,x4X2X^ 1 x~ 1 ,x~^ 6 ■ ■ ■ xT~_}2 x T-i x i x i-i x i-2 ' ' ' x "+(i] = e i where ra+6 < i < n+m+4 

(14) [xsX2X^ 1 ,Xi] = e, where n + 6<i<n + m + 4 

(15) [x n +5, Xi] = e, where n + 6<i<n + m + A 

(16) [xV^XiXrj, Xj] = e, where n + 6<i<j<n + m + 4 

(17) ^n + m+4 ;c n + m+3 " ' ' X§X4X 2 ,X\ = e. 

By Relation (2), we can omit x 4 and replace it everywhere by 

x 2 x n+5 x 5 x n +5 X 2 • 

We start with Relations (4). Take (X2X4) 2 = (x^) 2 - This relation 
is rewritten as: 

Xi • X2X n -\-§Xz s X n j r z ) X2 ' X2 ' X2X n J r ^X^ s X n ^X2 — 
= XiX n -\-<zX<~ ) X n j r <! s X2 ' ' X2X n J r ^X^X n4r ^X,2 ' X2- 

By Relation (12) we easily get:(x 2 x 5 ) 2 = (x 5 a: 2 ) 2 . 
Now we consider Relation (11): 

e = [x 4 X2X^ 1 ,x n+5 ] = 

— [ x 2 x n+5 x 5 X n+5 X 2 1 ' x 2 ' x 2 x n+5 x Fj lx n+5 x 2i x n+5\ = 

— [ X 5 X 2 X 5 1 , ^71+5] ■ 

By the above resulting relations, we can simplify also Relations (13): 



forn + 6<i<n + m + 4. For i = n + 6, we get [#2, x n+e] = e. For 
« = n + 7, we get [x2, x~+ 6 x n+7 x n+e ] = e, and by the previous relation, 
we get [x2 1 x n+ -j] = e. In the same manner, we get [x2,x«] = e, for 
n + 6<i<n + m + 4:. 
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From Relations (9), we have [^,£4] = e, where 6 < i < n + 4. By 
Relation (2), e 

+5 X 2 1 ]- By Relations (9) 
and (12), we get for 6 < i < n + 4: [x iy x 2 x 5 x 2 *] = e. 

We rewrite now Relation (5), by substituting Relations (1) and (2) 
in it: 

Xn-\-4 ' ' " XqX2Xq ■ ■ ■ 2? n _|_4 • X2X n J r §Xz > X n _|_5^2 ' x n-\-4 : ' ' ' XqX2Xq ■ ■ ■ X n _^_^ ■ X2 X n -\-^X^,X n _^_ ^ X^ — 
= X2X n J r ^X^,X n j^e t X2 " ' ' ' XqX2Xq • ■ ■ X n _^^ ■ X2X n ^^,X^,X n _|_5#2 " ^^+4 ' ' ' XqX2Xq ■ ■ ■ X n _^^ 



Since [rr„ +5 ,a;j] = e, for i = 2,6, ...,n + 4 (by Relations (9) and 
(12)), 

%n+4: ' ' ' XqX 2 Xq ' ' ' % n +4%2%5% 2 ' -^n+4 ' ' ' XqX 2 Xq ' ' ' % n +4 : %2%5% 2 = 
= X 2 Xk,X 2 ' ' ' XqX 2 Xq ■ ■ ■ X n _|_4 • X 2 X§X 2 Xn+4 ' ' ' XqX 2 Xq • • • X n _^_^. 

Now, since we proved above that [x,, x 2 x 5 x^ 1 ], for 6 < i < n + 4, we 
get x 2 x 5 x 2 x 5 = x 5 x 2 x 5 x 2 , which is a consequence from Relations (4) 
(see above). 

Therefore, we have: 
Generators: {xi, x 2 , x§, Xq, X7, . . . , x n _|_4, x n +5, . . . , Xri+ m +4}- 
Relations: 

(1) x~ 1 x 2 x 1 = x n+4 x n+3 ■ ■ ■ x 6 x 2 Xg 1 ■ ■ • x~| 3 x~| 4 

(2) X-y X<2 X\-X2Xn+5X5X n _i_e ) X2 'X-y X 2 X\ — X^ "X n _j_g ' ' ' + '%n+m+A ' ' ' Xn+6 " 

(3) (x2Xi) 2 = (xiX2) 2 , where i = 1, 5, 6, . . . , n + 4 

(4) (x^Xi) 2 = (xiX$) 2 , where n + 5<i<n + m + 4 

(5) ^xix^T^Xi] = e > where 5<i<n + m + 4 

(6) [xi, Xj] = e, where 6 < i < n + 4 and j = 5, n + 5, . . . , n + m + 4 

(7) [xj, X2X5X2 1 ], where 6 < i < n + 4 

(8) [x^~ XiX 2 , Xj] = e, where 6<i<j<n + 4 

(9) [x2, Xi] = e, where n + 6<i<n + m + A 

(10) [xr^XjT^Xi] = e, where n + 5<i<n + rrt + 4 

(11) [a: n _|_5, 2;^] = e, where i = 2,n + 6,...,n + m + 4 

(12) [x ; r 1 XiX5, Xj] = e, where n + 6<i<j'<n + m + 4 

(13) x n+m+4 x n+m+3 ■ ■ • x 5 X2X n+ 5X 5 x^ 5 X2Xi = e. 

Now we use the projective relation (Relation (13)) in order to omit 
the generator x\. 
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We rewrite Relation (1), by substituting x±: 

%n+m+A ' ' ' %5%2%n+5%5%n+5%2%2%2 %n+5%5 X n+5 X 2 X 5 ' ' ' '^'n+m+4 
— 3^n+4 ' ' ' XqX2Xq • • • X n+4 . 

By Relations (6) and (11), we get: 
By Relations (9) and (10), we have: 
Now, by Relations (3), 

Xn+5%2X n +5 — $2, 

which is known already in (11). 

Now we simplify {X1X2) 2 = (X2X1 ) 2 , which appears in Relations (3). 
By substituting x\ and some immediate cancellations, 

<^n+4 ' ' ' ^6^5^2^n+5^5^n+m+4 ' ' ' <£n+6<^n+4 ' ' ' <^6 
= X 2 1 X n +4 • • • X§Xz > X2X n j r z > Xz > X n j rm j r i± ■ • ■ Xn+QXn+,1 • • • XqX2- 

By Relations (6) and (9), 

X„_|_4 • • • X§Xz > X2X n j r z > X§X n j r! ± ■ • • Xq = X 2 1 iC n +4 • • • XQXbX2 x n+5 x b x n+A ' ' ' %6 X 2- 

Since [xj, x 5 ] = e for 6 < i < n + 4 (by Relations (6)), we get 

%n+A ' ' ' x 6 x 5 x 2 x n+5 x n+4 ' ' ' %6%5 = X 2 1 - C n+4 ' ' ' x Q x 5 x 2 x n+5 x n+A ' ' ' %6 x 5 x 2i 

which is: 

Xn+4 ' ' ' % '6X^ l X2X n j r ^X n j r 4 1 • ■ ■ XqX^X 2 l X§ = X 2 l X n +4 ■ ■ ■ X%X^X2X n j r ^,X n j r i • • ■ Xq. 

By Relations (6) and (10), 

X n -\~4. ' ' • XQX^X2X n -\-4: ' ' ' XQX5X2 Xr^ = X2 X n .\-4. • • • XqX^X2Xxi-\-4 • • • Xq. 

Now we add £2^2 1 = e in two locations: 

X 2 x n+A ' ' ' ^6(^2^2 

)x 5 X 2 X n+4 ■ ■ ■ X 6 X 5 X 2 X 5 = X n+4 ■ ■ ■ Xq(x 2 X 2 )x 5 X 2 X n+A ■ ■ ■ 

By Relations (7), 

%2%n+4 ' ' ' X6%2%n+4 ' ' ' XqX 2 ^ x b x 2 x b x 2 ^ = x n+4 ' ' ' x 6 x 2 x n+4 ' ' ' XqX 2 l %b x 2- 
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Since (a^aJs) 2 = (a^a^) 2 (see Relations (3)), we get: 

X2X n +4 ' ' ' XqX2X h +4 ' ' ' Xq — X n +4 • ■ • X§X2X n +4 ■ • ■ XqX2- 

Now we add again a^a;^ 1 = e as follows: 

X2^X2X2 ^)x n +^{x2X2 ' ' ' (X2 X 2 ^) x l{. x 2 x 2 ^ ) x 6 x 2 x n+4 ' ' ' x q = 
= x n+i( x 2 X 2 1 ) ' ' ' ( X 2 X 2 1 ) x 6 x 2 x n+i ' ' ' X 6 X 2- 

We can rewrite the relation as follows: 

X2(x2 1 x n+4 X 2 )X2 1 ■ ■ ■ X2(x2 1 X 7 X 2 )(x2 1 XGX2)x n+ 4 • • • X 6 = 
= (x 2 l X n+A X2)X2 1 ■ ■ ■ X 2 {X 2 ~ 1 X 7 X2){X2 1 X 6 X2)X n+ 4 : • ■ ■ X 6 X 2 , 

and using Relations (8), we get: 

X 2 (x2 1 X n+4 X2)x n+4 ■ ■ ■ (X2 1 X 7 X2)X 7 (X2 1 X 6 X 2 )XQ = 
= (x 2 ~ 1 X n+ 4X 2 )x n+ 4 ■ ■ ■ (x2 1 X 7 X2)x 7 (x2 1 X 6 X 2 )XqX2- 

Since by Relations (3) we have (a^i) 2 = ( x i x 2) 2 for 6 < % < n + 4, this 
relation is redundant. 

Relation (2) can be simplified by substituting Relation (1) and using 
Relations (6) and (11): 

' ' ' ' ^6 " • J -2 ' X Q ' ' ' X n-\-4 ' X 2 X ^> X 2 ' x n+4 ' ' ' ^6 " x 2 ' x q ' ' ' x n -\-4 " • r n ^5 ~ 

= X 5 ' X n+6 ' ' ' X n + m+4 ' X § ' x n + m+4, ' ' ' ^n+6 ' x 5- 

By Relations (6) and (7), 

x 5 x n+5 x 5 X n+5 X 5 X n+6 ' ' ' X n+rn+A ' X 5 ' x n+m+A ' ' ' x n+&- 

Using again (x 5 a; n+ 5) 2 = (x n+5 x 5 ) 2 , we get: 

X n+5 X 5 x n+5 = X n+6 ' ' ' X n+m+4 ' X 5 ' x n+m+i ' " ' x n+(n 

which can be rewritten as: 

(*) x n+m+i ' ' ' x n+6 ' x 5 ' x n+5 = x n+5 ' x 5 ' x n+m+4 ' ' ' x n+6- 

We will see now that Relations (5) are all redundant. We split it 
into four subcases, according to the value of i: 
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• If we substitute i = 5 in Relations (5), we have [x±, x 2 1 x$x 2 \ = 
e, which can be simplified to: 

By adding x^x 5 = e and using (x 5 x n+5 ) 2 = (x n+5 x 5 ) 2 , we get: 

%n+m+A ' ' ' 2?n+62'n+52'n+4 • • • XqX^X^^ X nJr ^X^X n ^X^ = 
= X 2 Xc ) X 2 X n + m +4 : • • • X n + QX n +sX n +4 ■ ■ ■ XqX§X 2 Xc ) X ^5X5X^5. 

By Relations (6), (7) and (10), 

•Kn+m+A ' ' ' •Kn+6%5%2%n+5%5%n+5'^5 •^5^2-^n+m+A ' ' ' %n+6%5%2%5 ■ 

By Relations (10), (11) and (x 2 x 5 ) 2 = (x 5 x 2 ) 2 : 

%n+m+A ' ' ' %n+&%b%n+b%b% n +b X b X 2 — X5X 2 X n + m +4 • • • X n +Q. 

By Relations (9) and (x 5 x n+5 ) 2 = (x n+5 x$) 2 , 

X n+5 X 5 X n+5 = X n+% ' ' ' X n+m+A X 5%n+m+A ' ' ' 

which is known already (by (*)). 

• For 6 < i < n + 4, we have [x±, x 2 1 XiX 2 \ = e. By some cancel- 
lations, we have: 

x n+m+A ' ' ' %5%2%n+5%5%n+5 X i %2 •Ei%2%n+m+A ' ' ' %5%2%n+5%5%n+5 • 

By Relations (6) and (9), x„ + 4 • • • xqx^x 2 xi = x 2 l XiX 2 x n+ ± ■ ■ ■ xqx^x 2 . 
In this relation we substitute first % — 6 to get (by Relations 
(8)): 

XqX§X 2 Xq = X 2 XqX 2 XqX§X 2 j 

which is [xq,X2 1 x^x 2 ] = e. This relation appears already in Re- 
lations (7). Now we substitute i — 7 to get (again by Relations 
(8)): 

X 7 XqX 5 X 2 X 7 = X 2 1 X 7 X 2 X 7 XqX 5 X 2 , 

which is x 6 x 5 x 2 x 7 = x 2 x 7 x^ l x 6 x 5 x 2 . The addition of x^^ 1 = e 
in two locations, enables us to translate 

X 2 1 Xq(x 2 X2 1 )x 5 X 2 X 7 = X 7 X 2 1 Xq(x 2 X 2 1 )x 5 X 2 
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to (#2 l x§X2)(x2 1 Xz ) X2)x7 = X7{x 2 ~ 1 xqX2) (^2 lx 5 x z) j which is of 
course redundant by Relations (8). As for the other indices, all 
relations are redundant in a similar way. 
m Hi — n + 5, we have by Relations (11): [xi,x n+ 5] = e. By some 
immediate cancellations, we get: 

X n +m+AXn-\-m+?> ' ' ' X 5 X 2 = X n +5X n + m +4 : X n + m +3 • • • X^X^Xn^X^X ^^X^ X n _|_g. 

By Relations (6) and (11), we have x 5 x 2 = x n+5 x 5 x 2 x n+5 x 5 x~l 5 x^ 1 x~ +5 . 
By Relations (4) and (10), the relation is redundant. 
• For n + 6 < % < n + m + 4, we have by Relations (9): [xi, Xi] = e. 
Substituting Relation (13), we have: 

Xn+m+4 ' ' ' Xz > X2X n +z,Xz > X n j r c > X'2Xi = £j£ n _|_ m _|_4 • • • X§X 2X^5X5X^^X2, 

which is (by Relations (6), (9) and (11)): 

Xn+m+4 ' ' ' Xn+QX 5X2X^1+5X5X1 XjX n _|_ m _|_4 • • • X n j r QX5X2X n j r 5X5. 

We add x 5 ~ 1 X5 = e in two locations as follows: 

Xn+m+4 ' ' ' X n+6 X 5 X 2 (x^ X5^X n +5X5Xj j = XiX n + m +^ • • • X h +qX5X2 {x^ X5)x n +5X5. 

This enables us to use Relations (10) and to cancel x 5 x 2 x^ 1 : 

Xn+m+4 ' ' ' Xn+^X 5X^^+5X5X1 XjX n _|_ m _|_4 • • • X ra _|_gX5X n _|_5X5 . 

By Relation (*), we can rewrite it as: 

Xn+bX5X n + m +4 l • ■ • X n +QX5Xi XiX n +5X5X n j rm +^ ■ • • X n +QX5- 

By relations (11), we get [x^ 1 x i X5,x n+m+4 ■ ■ -x n+% xf[ = e. 
Now we substitute i = n + 6: 

X5 X n J r §X5X n J rm J r Ac • • • X n J r QX5 X n _|_ m _)_4 " " " X n _|_gXc;Xg X n +QX5- 

By Relations (12), we get x n+6 x 5 x n+e x 5 = x 5 x n+6 x 5 x n+6 , which 
is known already (by Relations (4)). 
Now we substitute % = n + 7: 

X5 X n-f-7 X 5X n+m+4 ' ' ' X n +QX5 X n + m +4 • • • X n +QX5X n +7 , 

Again, by Relations (12), we get: 

X5 x n+7 x 5 x n+7 x n+6 x 5 = X n +jX n +QX5X n +j, 
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and by (x<jX n+ -j) 2 = {x n+ jx^) 2 (Relations (4)), we get: 



is redundant. 

In a similar way, the relations [xi,Xj] = e for n + 6 < i < 
n + m + 4, are redundant. 

Therefore the resulting presentation is as follows: 
Generators: {x2, x§, Xq, x-?, . . . , x n +4 ; x n +4; x n +5 ; . . . , x n + m +4}. 
Relations: 

(2) (x2Xi) 2 = (xiX2) 2 , where i = 5, 6, . . . , n + 4 

(3) (x$Xi) 2 = (xiXs) 2 , where n + 5<i<n + m + A 

(4) [xi, Xj] = e, where 6 < i < n + 4 and j = 5, n + 5, . . . , n + m + 4 

(5) [xj, X2X5X2 1 }, where 6 < i < n + 4 

(6) {x 2 ~ 1 XiX2, Xj] = e, where 6<z<j<n + 4 

(7) [X2, Xj] = e, where n + 6<i<n + m + 4 

e, where n + 5<i<n + m + A 
(9) [x n+ 5, Xj] = e, where i = 2,n + 6,...,n + m + 4 
(10) [2^ X1X5, Xj] = e, where n + 6<i<j<n + m + 4:, 



As we have seen in Corollary 13. 101 the projective fundamental groups 
of this section are big. 

Remark 4.6. Note that if we substitute m = in the presentation of 
Theorem \l.l[ we get exactly the presentation ofT n0 given in Theorem 
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Now, since [x n+ j, x 5 1 x n+ QXr > ] = e (Relations (12)), this relation 
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